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Abstract

Associated to a convex integral polygon N in the plane are two integrable systems:
the cluster integrable system of Goncharov and Kenyon, constructed from the dimer
model on bipartite torus graphs, and the Beauville integrable system associated with
the toric surface of N . These two systems are related by a birational map called the
spectral transform. In this paper we study the case when N is the standard triangle
of side length d, equivalently when the toric surface is P2, and prove that the spectral
transform is a birational isomorphism of integrable systems. Since the Hamiltonians
are identified by construction, the essential content is that the spectral transform inter-
twines the two Poisson structures. In particular, this shows that Beauville integrable
systems admit cluster algebra structures.
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1 Introduction

Let N be a convex lattice polygon in the plane. There are two algebraically completely
integrable systems that one can associate to N , constructed in rather different settings. In
this paper we prove their equivalence in the basic case when N is the standard triangle.

On one side is the cluster integrable system of Goncharov–Kenyon [GK13], built from
the dimer model on bipartite graphs on a torus and the associated cluster Poisson va-
riety. Cluster integrable systems appear in many settings, including Toda-type systems
and Poisson-Lie/double Bruhat cell constructions [GSV03, GSV11,Wil13, FM16, ILP16],
discrete geometric integrable systems [GSTV12,GSTV16,GP16, Izo23,AGR25], and ultra-
discrete or tropical systems of box-ball type [IKT12,LP13].

On the other side is the Beauville integrable system in algebraic geometry on the pro-
jective toric surface associated to the same convex integral polygon N . Such systems
belong to a broader circle of ideas involving moduli spaces of sheaves on symplectic sur-
faces [Muk84,Tyu88,Bea91] and their Poisson-surface analogues [Bot95,Bot98].

We now briefly introduce the two integrable systems and give a precise statement of
our main result.

1.1 Cluster integrable systems

Starting from N , one obtains a family of bipartite graphs on a torus associated with N ,
whose members are related by local transformations known as spider moves, or equivalently
cluster mutations. For each such graph, the space of edge weights modulo gauge transfor-
mations is an algebraic torus, and these tori glue under mutation to form a cluster variety
X in the sense of Fock–Goncharov [FG09], associated with the cluster algebra of Fomin–
Zelevinsky [FZ02]. The variety X carries a canonical cluster Poisson structure [GSV03].
Goncharov–Kenyon [GK13] showed that its symplectic leaves are algebraically completely
integrable systems, called cluster integrable systems, whose Hamiltonians are partition
functions for dimer covers/perfect matchings in each homology class on the torus.

These Hamiltonians admit a natural interpretation in terms of spectral curves. To a
weighted bipartite torus graph one associates a periodic finite-difference operator K(z, w),
called the Kasteleyn matrix. Its determinant

P(z, w) := detK(z, w)

is a Laurent polynomial whose Newton polygon is N called the characteristic polynomial
of the dimer model. The corresponding

C := {P(z, w) = 0} ⊂ N

is called the spectral curve. Kasteleyn’s theorem on the torus [Kas63] identifies the coeffi-
cients of P(z, w) with dimer partition functions in the various homology classes, and hence
with the Hamiltonians of the cluster integrable system.
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Figure 1: An illustration of the Beauville integrable system on P2 associated with the
standard triangle N of side length d = 4, for which g = 3 (cf. [Oko20]). The three black
lines are the three coordinate axes of P2 forming the toric boundary D, the blue curve is
the spectral curve C, the red points are the divisor points (pi, qi)

3
i=1, and the green points

are the boundary points C ∩D.

1.2 Beauville integrable systems

On the other hand, the polygon N determines a projective toric surface N whose dense
torus is (C×)2 with coordinates (z, w). The bivector

θ = (z∂z) ∧ (w∂w)

is a torus-invariant Poisson structure on (C×)2 with pole locus along the toric boundary

D := N \ (C×)2.

A fundamental theme, going back to Mukai [Muk84], Tyurin [Tyu88], and Beauville [Bea91],
is that symplectic structures on a surface induce symplectic structures on moduli spaces of
sheaves and on Hilbert schemes of points; Bottacin [Bot95,Bot98] proved this more gen-
erally for Poisson surfaces. In our toric setting, we consider the phase spaceM consisting
of

• g points (pi, qi)
g
i=1 in the dense torus (C×)2 ⊂ N , where g is the number of interior

lattice points in N .

• a choice of appropriate boundary points on D.

for which the induced Poisson bracket takes the standard form

{log pi, log qj} = δij .
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The symplectic leaves of M are algebraically completely integrable systems (cf. [Bea91,
Bot95,Bot98]) which we call Beauville integrable systems.

These Hamiltonians also admit a natural interpretation via spectral curves. For generic
choices of the points (pi, qi)

g
i=1 and the boundary points, there is a unique curve

C ⊂ N

with Newton polygon N passing through them, called the spectral curve (see Figure 1);
the number g of interior lattice points in N is the genus of C. The Hamiltonians are the
coefficients of its defining equation.

1.3 The spectral transform

The bridge between the two constructions is the spectral transform. In their study of
the moduli space of simple Harnack curves, Kenyon and Okounkov [KO06] constructed a
rational map

κ : X 99KM

called the spectral transform. We have already seen that both integrable systems have
Hamiltonians that are described in terms of spectral curves, which the spectral transform
identifies. To get the points (pi, qi)

g
i=1 from weights, consider the adjugate matrix

Q(z, w) = P(z, w)K−1(z, w).

The vanishing of any column of Q(z, w) determines g points (pi, qi)
g
i=1 on the spectral

curve, while the intersection of the spectral curve with the toric boundary determines the
boundary points. In this way one obtains the map κ which by construction identifies the
spectral curves on the two sides.

1.4 Main theorem and idea of proof

Fock [Foc15] and George–Goncharov–Kenyon [GGK22] proved, by different methods, that
the spectral transform is a birational map. By construction of the spectral transform,
the Hamiltonians of the cluster integrable system are identified with those of the Beauville
integrable system. The remaining question, and the main point of this paper, is whether the
spectral transform also identifies the Poisson structures, and hence the integrable systems
themselves.

The main result of this paper is a proof of the following conjecture of Goncharov–Kenyon
(cf. [GK13, Theorem 1.4]) in the triangular case.

Theorem 1.1. When N is the standard triangle of side length d, so that N = P2, the
spectral transform is a birational isomorphism of integrable systems.
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We now discuss the main idea in the proof of Theorem 1.1. There is a standard way to
rephrase the Beauville side in terms of sheaves on P2 (cf. [Hur96,Hur07,HH08]). Namely,
let

L = OC

( g∑
i=1

(pi, qi)
)

be the line bundle on C corresponding to the divisor
∑g

i=1(pi, qi), and let

L := ι∗L

be the corresponding sheaf on P2 called the spectral sheaf, where ι : C ↪→ P2 is the
embedding. The tangent and cotangent spaces at L in the corresponding moduli space are
computed by

Ext1(L,L), Ext1(L,L(−D)),

and in terms of these spaces the Poisson structure is induced by the canonical map

Ext1(L,L(−D))
θ−→ Ext1(L,L).

The reason behind rephrasing the Poisson structure in terms of the spectral sheaf is that
the Kasteleyn matrix gives a resolution of the spectral sheaf by locally free sheaves. More
precisely, after passing to a natural finite cover of P2 with covering group G, the Kasteleyn
matrix extends to a G-equivariant morphism of G-equivariant locally free sheaves whose
cokernel is the spectral sheaf. This leads to simple and explicit computations of the relevant
Ext-groups via Čech-Hom complexes.

On the graph side, we reformulate the tangent and cotangent spaces of X in terms of
the homology and relative cohomology of the conjugate ribbon graph. In these terms, the
cluster Poisson structure becomes equally explicit. The striking point is that, after making
these two descriptions concrete, the comparison maps become almost tautological.

Theorem 1.1 is conjecturally true for any N , not just triangles. We restrict in this paper
to the simplest example, namely the hexagonal lattice or equivalently the case N = P2,
in order to focus on the algebro-geometric constructions without getting distracted by
additional combinatorial complications. We expect the same strategy to extend to general
N . Alternately, we also expect that the general case can be obtained from the triangular
case by suitable degenerations of the weights.
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2 The cluster integrable system

In this section we recall the cluster integrable system associated with the dimer model,
following [GK13].

Let Γ = (B⊔W,E,F) be the d×d fundamental domain of the hexagonal lattice embedded
in the torus T shown in Figure 2. Here B, W, E, and F denote the sets of black vertices,
white vertices, edges and faces of Γ respectively.

We identify
H1(T,Z) ∼= Z2

by taking as generators the homology classes of the images of the horizontal and vertical
sides of the fundamental domain.

A zig-zag path in Γ is a closed path that turns maximally right at each black vertex
and maximally left at each white vertex (Figure 2). Let α denote the set of zig-zag paths
in Γ.

Each α ∈ α determines a homology class [α] ∈ H1(T,Z), and the only possibilities are

[α] ∈ {(−1, 1), (0,−1), (1, 0)}.

We write α0,α1, and α2 for the subsets of α consisting of zig-zag paths with homology
classes (−1, 1), (0,−1), and (1, 0) respectively. Each αi consists of d parallel zig-zag paths.

2.1 Edge weights and gauge equivalence

An edge weight on Γ is a function

wt : E→ C×.

Two edge weights wt1 and wt2 are said to be gauge equivalent if there are functions

f : B→ C×, g : W→ C×

such that for every e = bw ∈ E,

wt2(e) = f(b)−1wt1(e)g(w).

We denote the gauge equivalence class of wt by [wt].
We define the X cluster variety X to be the space of edge weights modulo gauge

transformations.
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Figure 2: The 3×3 fundamental domain of the hexagonal lattice and a zig-zag path in α2.

2.2 Graph homology and cohomology

To express the above in the language of algebraic topology, we view Γ as a cell complex
whose 0-cells are the vertices B ⊔W and whose 1-cells are the edges e = bw ∈ E oriented
from b to w. The cellular chain complex is[

ZB ⊕ ZW ∂←−− ZE

0 1

]
, ∂(e) = w − b (e = bw).

Throughout, subscripts under a complex indicate cohomological degrees. Thus,

H1(Γ,Z) = H1

([
ZB ⊕ ZW ∂←−− ZE

0 1

])
= ker(∂) = Z1(Γ,Z).

In particular, every homology class on Γ is represented by a unique cycle; we identify
homology classes with cycles hereafter.

Dually, the cellular cochain complex is[
(C×)B ⊕ (C×)W

δ−−→ (C×)E

0 1

]
, δ(f, g)(e) =

g(w)

f(b)
(e = bw).

An edge weight wt is precisely a 1-cochain, and two edge weights are gauge equivalent if
and only if they differ by a 1-coboundary. It follows that the space of gauge-equivalence
classes of edge weights is

X = H1(Γ,C×) = H1
([

(C×)B ⊕ (C×)W
δ−−→ (C×)E

0 1

])
= (C×)E/ im(δ). (1)

If we replace C× by C, the same construction gives the additive cohomology groupH1(Γ,C).
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2.3 Monodromies, cluster variables and Casimirs

Given a cycle L ∈ H1(Γ,Z) and [wt] ∈ X , let

monL([wt]) := [wt](L)

denote the monodromy of [wt] around L i.e. the evaluation of [wt] on L. Concretely, if L
is written as

w1
e1−→ b1

e2−→ w2
e3−→ b2

e4−→ · · · e2n−1−−−→ bn
e2n−−→ w1,

then

monL([wt]) =

n∏
i=1

wt(e2i)

wt(e2i−1)
∈ C×. (2)

For every L, monL is a well-defined regular function on X for every cycle L in Γ.
Let ∂f denote the counterclockwise-oriented boundary of a face f ∈ F. The functions

Xf := mon∂f

are called X cluster variables. Since∑
f∈F

∂f = 0 ∈ H1(Γ,Z)

they satisfy the unique relation
∏

f∈FXf = 1.
Similarly, for a zig-zag path α ∈ α we set

Cα := monα .

Since
∑

α∈α α = 0 ∈ H1(Γ,Z), these functions satisfy the unique relation∏
α∈α

Cα = 1.

They are called Casimirs because they generate the center of the cluster Poisson structure
(see Section 2.4).

2.4 Cluster Poisson structure on X

We define the conjugate surface and the cluster Poisson structure following [GK13, §1.1.1].
A ribbon structure on Γ is a cyclic ordering of the half-edges at each vertex. It deter-

mines a surface with boundary, called a ribbon graph, obtained by replacing each vertex v
by a small triangle ∆v and each edge e by a rectangle □e, and gluing the rectangles to the
triangles according to the chosen cyclic orders.

The embedding of Γ in T induces such a ribbon structure (see Figure 3, left). The
conjugate ribbon structure is obtained by reversing the cyclic order at each black vertex.
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Figure 3: The ribbon structure induced by the embedding of Γ in T (left) and the conjugate
surface Ŝ, obtained by reversing the cyclic order at each black vertex (right). The red
paths illustrate the bijection between zig-zag paths of Γ and boundary components of the
conjugate surface (equivalently, faces of Γ in Ŝ).
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Equivalently, one cuts the ribbon graph along each black triangle ∆b and reglues it with the
opposite orientation. We denote the resulting ribbon graph by Γ̂ and call it the conjugate
ribbon graph. Under this construction, the zig-zag paths in Γ are in bijection with the
boundary components of Γ̂. Gluing a disk to each boundary component produces a closed
oriented surface Ŝ, called the conjugate surface.

By construction, Γ̂ deformation retracts onto Γ. Hence

H1(Γ̂,Z) ∼= H1(Γ,Z).

Let
ι∗ : H1(Γ̂,Z)→ H1(Ŝ,Z)

be the map induced by the inclusion ι : Γ̂ ↪→ Ŝ. We define the pairing

⟨L1, L2⟩ := ι∗(L1) ∧ ι∗(L2), L1, L2 ∈ H1(Γ,Z) ∼= H1(Γ̂,Z),

where ∧ denotes the intersection pairing on the closed surface Ŝ and we identify the cycle
L with its homology class as explained in Section 2.2. The cluster Poisson bracket on X
is defined as

{monL1 ,monL2} = ⟨L1, L2⟩monL1 monL2 , L1, L2 ∈ H1(Γ,Z).

Let
c = (cα)α∈α, cα ∈ C×

be a collection of nonzero complex numbers. The subvarieties

Xc := {[wt] ∈ X : Cα([wt]) = cα for all α ∈ α}

are the symplectic leaves of the cluster Poisson structure.

2.5 The Kasteleyn matrix, spectral curve and integrability

The Kasteleyn matrix is the C[z±1, w±1]-module map

K :
⊕
b∈B

C[z±1, w±1]→
⊕
w∈W

C[z±1, w±1], (3)

whose (w, b)-entry is

Kw,b :=

{
wt(e)za(e)wb(e) if e = bw is an edge,

0 otherwise.

Here a(e) ∈ {0, 1} (resp. b(e) ∈ {0, 1}) is defined by a(e) = 1 (resp. b(e) = 1) if e crosses
the vertical (resp. horizontal) boundary of the fundamental domain, and a(e) = 0 (resp.
b(e) = 0) otherwise (see Figure 2).
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Figure 4: A C×-local system wt (red) on a 2× 2 fundamental domain for the honeycomb
lattice along with the z and w factors (green).

The polynomial
P := detK

is called the characteristic polynomial.
A dimer cover M of Γ is a subset of E such that every vertex is used exactly once.

Theorem 2.1 ([Kas63]). Let [wt] ∈ X , and fix a representative wt. Then

P =
∑

M a dimer cover

ϵ(M) wt(M)za(M)wb(M),

where
a(M) :=

∑
e∈M

a(e), b(M) :=
∑
e∈M

b(e), wt(M) :=
∏
e∈M

wt(e),

and the sign ϵ(M) ∈ {±1} is an explicit function of the pair
(
a(M), b(M)

)
.

Example 2.2. Consider the 2 × 2 fundamental domain for the honeycomb lattice shown
in Figure 4. With the edge weights labeled in red and the monodromy variables in green,
the Kasteleyn matrix is

K =

b11 b12 b21 b22


a11 c11w b11z 0 w11

c12 a12 0 b12z w12

b21 0 a21 c21w w21

0 b22 c22 a22 w22

.
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Thus the characteristic polynomial

P = a11a12a21a22 − (a11a12c21c22 + a21a22c11c12)w−
− (a11a21b12b22 + a12a22b11b21)z + b12b11b21b22z

2−
− (b12b21c11c22 + b11b22c12c21)wz + c11c12c21c22w

2. (4)

Consider the standard open embedding

(C×)2 ↪→ P2, (z, w) 7→ [1 : z : w].

Let C ⊂ P2 be the projective closure of the curve {P = 0} ⊂ (C×)2; we call C the spectral
curve. Although the Kasteleyn matrix K and the polynomial P depend on the chosen
representative wt, the curves C◦ and C depend only on the class [wt].

For generic [wt] ∈ X , the curve C is a plane curve of degree d (see [KO06, Theorem 1]);
equivalently, the Newton polygon of P is

N = conv{(0, 0), (d, 0), (0, d)}.

Let N◦ denote the interior of N , and set

NZ := N ∩ Z2, N◦
Z := N◦ ∩ Z2.

If C is smooth, its genus is

g =

(
d− 1

2

)
= |N◦

Z|.

Normalize P so that its constant term is H0,0 = 1, and write

P =
∑

(i,j)∈NZ

Hi,jz
iwj .

With this normalization, each coefficient Hi,j depends only on [wt] (and not on the choice
of representative wt).

Theorem 2.3 ([GK13, Theorem 1.2]). For generic c, the symplectic leaf Xc carries an
algebraic completely integrable (Liouville) system whose Poisson-commuting Hamiltonians
are the functions (

Hi,j

)
(i,j)∈N◦

Z
.

3 The Beauville integrable system

In this section we recall the Poisson geometry underlying the Beauville integrable system
for plane curves, and then introduce the equivariant variant that will be related to the
dimer model.
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3.1 The Beauville–Bottacin Poisson structure

Fix d, and let g =
(
d−1
2

)
denote the genus of a smooth plane curve of degree d. Let x0, x1, x2

be homogeneous coordinates on P2, and set

z :=
x1
x0
, w :=

x2
x0

for the coordinates on the dense torus (C×)2 ⊂ P2. Let

D := D0 ∪D1 ∪D2, Di := {xi = 0} ⊂ P2

be the toric boundary divisor. Note that OP2(D) ∼= OP2(3) ∼= ω−1
P2 and hence ωP2

∼=
OP2(−D).

LetM be the moduli space of sheaves on P2 of the form

L = i∗L,

where i : C ↪→ P2 is the embedding of a smooth degree d curve and L is a line bundle on
C of degree g =

(
d−1
2

)
, i.e. the genus of C.

Instead of giving a Poisson structure on M as a bivector field πM ∈ H0(M,∧2TM),
we can encode it via the anchor map

π♯M : T ∗M→ TM,

so that
πM(α, β) = α(π♯M(β)), α, β ∈ T ∗M.

Standard deformation theory (see [Har10]) identifies T[L]M, the tangent space ofM at
[L], as follows

T[L]M∼= Ext1(L,L),
and by Serre duality,

T ∗
[L]M∼= Ext1(L,L ⊗ ωP2) ∼= Ext1(L,L(−D)).

Bottacin [Bot95], generalizing earlier work of Mukai [Muk84] and Tyurin [Tyu88], showed
that for any

θ ∈ H0(P2, ω−1
P2 ) ∼= H0(P2,OP2(D)),

the natural map

(π♯M)[L] : Ext
1(L,L(−D))

θ−−→ Ext1(L,L),
induced by the morphism of sheaves

L(−D)
θ−−→ L

is the anchor map of a Poisson structure onM. We will take θ = x0x1x2, which restricts
on (C×)2 to the bivector field

(z∂z) ∧ (w∂w).
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3.2 Equivariant modification and boundary labeling

The Poisson spaceM is the phase space of the Beauville integrable system in its classical
form. For the dimer model, however, we need a modification that is defined on a finite
cover and keeps track of additional boundary data.

More precisely, we will:

1. Pass to a d2-fold cover p : P̃2 → P2 with covering group G and replaceM by a moduli
space M̃ of G-equivariant sheaves on P̃2.

2. Augment the moduli space by a discrete labeling of the points at infinity C ∩D by
zig-zag paths.

The remainder of the section carries out these two modifications and explains how the
resulting Poisson space supports an algebraic completely integrable system whose Hamil-
tonians are the interior coefficients of the defining polynomial of C.

Remark 3.1. The second modification is easy to justify: without a labeling of the bound-
ary points C ∩D, the spectral transform will only be a finite-to-one map (up to permuting
these points). Fixing a labeling removes this ambiguity and makes it birational.

The first modification is more subtle, and we postpone its justification to Remarks 4.2
and 4.4. Here we simply note that it already appears in the work of Kenyon–Okounkov [KO06]
and in [TWZ19].

Let P̃2 and P2 be two copies of the projective plane, equipped with homogeneous coor-
dinates

[x̃0 : x̃1 : x̃2] ∈ P̃2, [x0 : x1 : x2] ∈ P2.

Consider the d2-fold covering map

p : P̃2 → P2, [x̃0 : x̃1 : x̃2] 7→ [x̃d0 : x̃d1 : x̃d2],

which is ramified along D.
Let

G := µ×3
d /∆, ∆ := {(ζ, ζ, ζ) : ζ ∈ µd}.

The group µ×3
d acts on P̃2 by coordinate-wise scaling,

(ζ0, ζ1, ζ2) · [x̃0 : x̃1 : x̃2] = [ζ0x̃0 : ζ1x̃1 : ζ2x̃2],

and the diagonal subgroup ∆ acts trivially, so the action factors through G.
We now introduce the space M̃, defined as a moduli space of G-equivariant sheaves

together with certain discrete data. Roughly speaking, a G-equivariant sheaf is a sheaf
equipped with a compatible action of G called a G-linearization. Since we will always
study these sheaves through their locally free resolutions, it will be enough to understand
G-equivariant vector bundles. A brief review of the necessary background is included in
Appendix A.
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Remark 3.2. Equivalently, one may work on the quotient stack

[P̃2/G],

whose coarse moduli space is P2. Giving a G-equivariant coherent sheaf on P̃2 is the same
as giving a coherent sheaf on [P̃2/G], and whenever we take G invariants of a Hom/Ext
group, this is exactly the corresponding Hom/Ext group computed on the stack [P̃2/G].

Readers comfortable with stacks are therefore welcome to regard the constructions and
computations in this section as taking place on [P̃2/G]. We have chosen the concrete G-
equivariant language on the cover P̃2 to avoid introducing stacky notation and to keep the
exposition more accessible.

Definition 3.3. Let M̃ denote the moduli space of pairs (L̃,ν) consisting of:

1. a G-equivariant sheaf L̃ on P̃2 of the form

L̃ = ĩ∗L̃,

where ĩ : C̃ ↪→ P̃2 is the inclusion of a smooth G-invariant plane curve C̃ = p−1(C),
with C ⊂ P2 a smooth plane curve of degree d, and where L̃ is a G-equivariant line
bundle on C̃ of degree

g̃ :=

(
d̃− 1

2

)
, with d̃ := deg(C̃) = d2;

2. a triple of bijections

ν = (νi)i=0,1,2, νi : αi
∼−→ C ∩Di,

called a labeling of the points at infinity of C by zig-zag paths. Via these bijections,
we henceforth identify each point νi(α) ∈ C∩Di with the corresponding zig-zag path
α ∈ αi.

Let
D̃ := D̃0 ∪ D̃1 ∪ D̃2, D̃i := {x̃i = 0} ⊂ P̃2

be the toric boundary divisor.
At a point (L̃, ν) ∈ M̃, the tangent and cotangent spaces are given by G-invariants:

T
(L̃,ν)M̃ ∼= Ext1(L̃, L̃)G, T ∗

(L̃,ν)M̃
∼= Ext1(L̃, L̃(−D̃))G.

The section
θ̃ := x̃0x̃1x̃2 ∈ H0

(
P̃2,OG

P̃2(D̃)
)
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is G-invariant. Multiplication by θ̃ induces a morphism of sheaves

L̃(−D̃)
θ̃−−→ L̃,

and hence, a map on G-invariants

(π♯
M̃
)
(L̃,ν) : Ext

1(L̃, L̃(−D̃))G
θ̃−−→ Ext1(L̃, L̃)G,

which defines the anchor map of a Poisson structure on M̃.
Let

P =
∑

(i,j)∈NZ

Hi,jz
iwj

denote the polynomial defining C normalized so that its constant term is H0,0 = 1. For
α ∈ α2, we define

Cα := (−1)dz(ν2(α))−1

and similarly Cα for α ∈ α0,α1 is defined using toric coordinates on D0, D1 respectively.
These functions are called Casimirs because they generate the center of the Beauville
Poisson structure.

Let
c = (cα)α∈α, cα ∈ C×

be a collection of nonzero complex numbers. Let

M̃c

denote the subvariety where Cα = cα for all α ∈ α. These are the symplectic leaves of M̃.

Theorem 3.4 ([Bea91]). For generic values of the Casimirs c, the symplectic leaf M̃c car-
ries an algebraic completely integrable (Liouville) system whose Poisson-commuting Hamil-
tonians are the functions (

Hi,j

)
(i,j)∈N◦

Z
.

4 Statement of the main theorem

In this section, following [KO06, Section 3.2], we define the spectral transform

κ : X 99K M̃,

a rational map which assigns to a generic point [wt] ∈ X a pair

κ([wt]) = (L̃,ν).

In [Foc15,GGK22], it is shown that the spectral transform is birational, so it identifies the
phase space of the cluster integrable system with that of the Beauville integrable system.
Our main result is:
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w0 w1

w2

cw̃

bz̃a b

w0 w1

w2

cx̃2

bx̃1ax̃0

Figure 5: The regularized Kasteleyn matrix K̃ on the dense torus (left) and its homogeneous
form on P̃2 (right).

Theorem 4.1. The spectral transform is a birational isomorphism of integrable systems.

The rest of this section is devoted to the construction of the spectral transform.

4.1 Pullback of the Kasteleyn matrix to the cover

The Kasteleyn matrix K in (3) is equivalently a morphism of sheaves

K :
⊕
b∈B
O(C×)2 →

⊕
w∈W
O(C×)2

where (C×)2 ⊂ P2 is the dense torus. Let (̃C×)
2
denote the dense torus in P̃2. On dense

tori, the map p : P̃2 → P2 is

p : (̃C×)
2
→ (C×)2, (z̃, w̃) 7→ (z̃d, w̃d).

As observed in [KO06, Section 3.1], the pullback

K̃ = p∗K

is gauge equivalent to the matrix shown in Figure 5(left).

Remark 4.2. We have essentially “regularized” the Kasteleyn matrix by redistributing
the monomial factors in z and w uniformly throughout the fundamental domain, rather
than concentrating them along the boundary. This will simplify the computations below,
and it is the one reason we pass to the cover P̃2 instead of working directly on P2; see
also 4.4.
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4.2 The discrete Abel map and the G-equivariant extension of K̃

As already observed in [KO06, Section 3.2], K̃ can be viewed as a morphism of vector
bundles

K̃ :
⊕
b∈B
OP̃2(−1)→

⊕
w∈W
OP̃2 (5)

which in homogeneous coordinates is the matrix shown in Figure 5(right). More precisely,
to each edge e we associate the monomial

x̃(e) := x̃i,

where αi is the unique zig-zag class such that no zig-zag path in that class contains e. The
(w, b)-entry of K̃ is then given by

K̃w,b :=

{
wt(e)x̃(e), if e = bw is an edge,

0, otherwise.

We will strengthen this by showing that K̃ extends to a G-invariant morphism between
G-equivariant locally free sheaves on P̃2. The G-linearizations are constructed using Fock’s
discrete Abel map [Foc15], a function

d : B ⊔W→ Z{D̃0, D̃1, D̃2},

defined as follows.

1. Choose a base white vertex w0 ∈ W (for concreteness, we take the white vertex at
the bottom-left corner of the fundamental domain) and set d(w0) = 0.

2. Let e = bw be an edge inside the fundamental domain with b ∈ B and w ∈ W, and
let α and β be the two zig-zag paths containing e. If α ∈ αi and β ∈ αj , then we set

d(b) = d(w) + D̃i + D̃j .

For b ∈ B and w ∈W define the G-equivariant line bundles on P̃2

Eb := OG
P̃2

(
d(b)− D̃

)
, Fw := OG

P̃2

(
d(w)

)
,

and set
E :=

⊕
b∈B
Eb, F :=

⊕
w∈W
Fw.

The following proposition is a special case of a more general result proved in [GGK22].

19



Proposition 4.3. With the G-linearizations on E and F determined by the discrete Abel
map, the matrix K̃ defines a G-equivariant morphism

K̃ : E → F

on P̃2.

Proof. It suffices to verify G-equivariance for each nonzero matrix entry. Let e = bw
be an edge, and let α ∈ αi and β ∈ αj be the two zig-zag paths containing e. If k ∈
{0, 1, 2} \ {i, j}, then

d(b) = d(w) + D̃i + D̃j + a(e)d(D̃1 − D̃0) + b(e)d(D̃2 − D̃0).

Hence, by definition of the line bundles Eb and Fw,

E∨b ⊗Fw
∼= OG

P̃2

(
D̃k − a(e)d(D̃1 − D̃0)− b(e)d(D̃2 − D̃0)

)
asG-linearized line bundles. The unique zig-zag class not containing e isαk, so by definition
x̃(e) = x̃k. By (34),

H0
(
P̃2, E∨b ⊗Fw

)G ∼= C{x̃k}.

Thus x̃(e) is a G-invariant global section of E∨b ⊗Fw, and so

K̃w,b = wt(e)x̃(e)

is G-equivariant.

Remark 4.4. The proof of Proposition 4.3 shows more than extendability of K from (C×)2

to P̃2. It canonically identifies
Hom(E ,F)G ∼= CE.

By contrast, on P2 one can always force an extension of K by twisting the source sufficiently
negatively, but then the corresponding Hom-space of morphisms will be too large and there
is no way to single out the distinguished collection of maps coming from edges. This is the
main reason we work on P̃2 rather than on P2.

4.3 The spectral transform

By Proposition 4.3, the Kasteleyn matrix sits in an exact sequence of G-equivariant sheaves

0→ E K̃−−→ F → L̃ → 0, (6)

where
L̃ := coker(K̃).
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b1 b2

w1 w2 w3

a1x̃0 b1x̃1 a2x̃0 b2x̃1bdx̃1 a3x̃0

Figure 6: The Kasteleyn matrix K̃ restricted to a zig-zag path α ∈ α2.

We call L̃ the spectral sheaf. Its support is the G-invariant curve

C̃ := {det K̃ = 0} = p−1(C) ⊂ P̃2,

where C ⊂ P2 denotes the spectral curve. For generic [wt], the curves C and C̃ are smooth,
and L̃ is of the form ĩ∗L̃, where L̃ is a G-equivariant degree g̃ line bundle on C̃. The spectral
sheaf is the first component of the spectral transform.

The second component records the intersection of the spectral curve with the boundary
divisors. We explain this for the divisor D̃2 = {x̃2 = 0}. Setting x̃2 = 0, the matrix K̃
becomes block-diagonal, with blocks indexed by zig-zag paths α ∈ α2. For such an α, the
corresponding block has the form

K̃α :=


a1x̃0 bdx̃1
b1x̃1 a2x̃0

b2x̃1 a3x̃0
. . .

. . .

 , (7)

where the edge weights along α are as in Figure 6. This block is singular precisely at the
points of D̃2 satisfying ( x̃1

x̃0

)d
= (−1)d

d∏
i=1

ai
bi

= (−1)dC−1
α , (8)

In particular, the image point on D2 = {x2 = 0} ⊂ P2 satisfies

z = (−1)dC−1
α .

We denote this boundary point by ν2(α) ∈ C ∩D2. As α ranges over α2, these points are
pairwise distinct for generic [wt], and hence determine a bijection

ν2 : α2
∼−→ C ∩D2, α 7→ ν2(α).

The bijections ν0 and ν1 are defined analogously using the restrictions of K̃ to D̃0 and D̃1.

Theorem 4.5 ([Foc15,GGK22]). The spectral transform κ : X 99K M̃ is birational.
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4.4 Plan of proof

The remainder of the paper is devoted to the proof of Theorem 4.1. In both integrable
systems, the Hamiltonians are given by the interior coefficients of the spectral curve C, and
hence correspond under the spectral transform. Thus it remains to prove that the Poisson
structures agree, or equivalently, that the spectral transform κ is a Poisson map.

We formulate this in terms of the anchor maps

π♯X : T ∗X → TX , π♯
M̃

: T ∗M̃ → TM̃

of the two Poisson structures. Thus it is enough to prove that the following diagram
commutes:

T ∗
[wt]X T[wt]X

T ∗
(L̃,ν)
M̃ T

(L̃,ν)M̃.

π♯
X

dκdκ∗

π♯

M̃

(9)

The proof is organized by giving concrete descriptions of the tangent and cotangent
spaces on both sides and then identifying the corresponding maps. On each side there are
two useful models for the cotangent space, and the key point is that these models match
naturally across the spectral transform. Even more importantly, after passing to these
concrete models, the comparison maps become almost tautological.

On the graph side, Section 5 identifies the tangent space as

T[wt]X ∼= H1(Γ,C) ∼= H1(Γ̂,C),

and introduces two models for the cotangent space:

T ∗
[wt]X ∼= H1(Γ,C) ∼= H1(Γ̂,C), T ∗

[wt]X ∼= H1(Γ̂, ∂Γ̂;C),

the second being obtained from the first by Poincaré duality

PD : H1(Γ̂, ∂Γ̂;C)
∼=−→ H1(Γ̂,C).

Section 5.3 computes H1(Γ̂, ∂Γ̂;C) explicitly, while Section 6.4 gives concrete formulas for
the Poincaré duality isomorphism and for the natural map

j∗ : H1(Γ̂, ∂Γ̂;C)→ H1(Γ̂,C).

With these identifications, the cluster Poisson anchor map factors as

π♯X : H1(Γ̂,C)
PD−1

−−−−−→ H1(Γ̂, ∂Γ̂;C) j∗−−→ H1(Γ̂,C).
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On the sheaf side, Section 7.1 identifies the tangent space as

T
(L̃,ν)M̃ ∼= Ext1(L̃, L̃)G.

The cotangent space again has two models. The first is

T ∗
(L̃,ν)M̃

∼= Ext1(L̃, L̃(−D̃))G,

which is computed explicitly in Section 7.3 and identified with the cotangent space via
Serre duality in Section 7.4. The second is

T ∗
(L̃,ν)M̃

∼= Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G
,

which is computed explicitly in Section 7.5. These two sheaf-theoretic models are related
by the isomorphism induced by the short exact sequence

0→ L̃(−D̃)
θ̃−→ L̃ → L̃|

D̃
→ 0.

Section 8 then computes the sheaf-side anchor map as the composition

π♯
M̃

: Ext1(L̃, L̃(−D̃))G
Ψ−1

−−−−→ Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G θ̃−−→ Ext1(L̃, L̃)G.

Thus the proof of Theorem 4.1 is reduced to showing that the diagram

H1(Γ̂,C) H1(Γ̂, ∂Γ̂;C) H1(Γ,C)

Ext1(L̃, L̃(−D̃))G Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G

Ext1(L̃, L̃)G

PD−1 j∗

Φ dκdκ∗

Ψ−1 θ̃

(10)

commutes. The point is that, after all spaces are replaced by their concrete graph-theoretic
models, the vertical maps in (10) are almost tautological: up to signs, they are obtained
simply by inserting or removing the edge weight factors wt. Here Φ is the comparison map
between the two cotangent models, which is defined in Section 10. Section 9 computes the
differential dκ of the spectral transform explicitly, and Section 10 assembles all of these
ingredients to prove that the anchor maps correspond.

5 The tangent and cotangent spaces on X

5.1 The tangent space

Recall that the Zariski tangent space T[wt]X is the set of morphisms

Spec
(
C[ε]/(ε2)

)
→ X
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whose restriction to ε = 0 is [wt]. Concretely, such a tangent vector is represented by an

edge weight with values in
(
C[ε]/(ε2)

)×
of the form

wt(ε) = wt(1 + εu),

modulo gauge transformations with values in
(
C[ε]/(ε2)

)×
.

Proposition 5.1. For any [wt] ∈ X , the map

T[wt]X → H1(Γ,C), [wt(1 + εu)] 7→ [u]

is an isomorphism.

Proof. Fix a representative edge weight wt of the class [wt]. Consider two tangent vectors
[wt1(ε)] and [wt2(ε)] represented by

wti(ε) = wt(1 + εui), ui ∈ CE,

for i = 1, 2.
Suppose that [wt1(ε)] = [wt2(ε)] determine the same tangent vector. Then there is a

gauge transformation

(f(ε), g(ε)) ∈
(
C[ε]/(ε2)

)B × (C[ε]/(ε2))W
such that for every edge e = bw,

wt2(ε)(e) = f(ε)(b)−1 wt1(ε)(e) g(ε)(w).

Write
f(ε) = f0(1 + εϕ), g(ε) = g0(1 + εψ),

where
f0 : B→ C×, g0 : W→ C×, ϕ : B→ C, ψ : W→ C.

Substituting
wti(ε) = wt(1 + εui)

into the gauge relation gives

wt(e)
(
1 + εu2(e)

)
= f0(b)

−1(1− εϕ(b)) wt(e)
(
1 + εu1(e)

)
g0(w)(1 + εψ(w)).

Comparing constant terms, we obtain

wt(e) = f0(b)
−1wt(e)g0(w),

hence
f0(b) = g0(w) for every edge e = bw.
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After dividing the gauge transformation by this constant gauge, we may assume

f0 ≡ 1, g0 ≡ 1.

Then the above relation becomes

1 + εu2(e) = (1− εϕ(b))(1 + εu1(e))(1 + εψ(w)) = 1 + ε
(
u1(e)− ϕ(b) + ψ(w)

)
,

so
u2(e) = u1(e)− ϕ(b) + ψ(w).

Equivalently,
u2 − u1 = δ(ϕ, ψ).

Therefore two first-order deformations determine the same tangent vector if and only if
the corresponding 1-cochains differ by a 1-coboundary. This shows that the map in the
statement is well defined and injective.

Conversely, given any u ∈ CE, the formula

wt(ε) := wt(1 + εu)

defines a first-order deformation of wt, hence a tangent vector at [wt]. If u′ = u+ δ(ϕ, ψ),
then

wt(1 + εu′) = (1 + εϕ)−1 wt(1 + εu) (1 + εψ),

so the deformations defined by u and u′ are gauge equivalent. Thus the tangent vector
depends only on the class of u in

CE/ im(δ) = H1(Γ,C).

This proves surjectivity.

5.2 Two models for the cotangent space

By Proposition 5.1 and the identification

H1(Γ,C) ∼= H1(Γ,C)∗,

we obtain the first model for the cotangent space on X :

T ∗
[wt]X ∼= H1(Γ,C) ∼= H1(Γ̂,C).

The second model is obtained via the Poincaré duality isomorphism

PD : H1(Γ̂, ∂Γ̂;C)→ H1(Γ̂,C).

We now compute H1(Γ̂, ∂Γ̂;C) concretely.
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w−
α (b) w+

α (b)

Figure 7: The wedge of α at the black vertex b.

b
w0 w1

w2

b01

b02

b10

b12

b21 b20

Figure 8: The cellular decomposition of Γ̂ used to compute H1(Γ̂, ∂Γ̂;C).

5.3 A complex computing H1(Γ̂, ∂Γ̂;C)

For α ∈ α and b ∈ B ∩ α, let
w−
α (b), w

+
α (b) ∈W ∩ α

denote the white vertices immediately preceding and following b along α. Thus

w−
α (b) − b − w+

α (b)

is the wedge of α at b (see Figure 7).
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Proposition 5.2. There is an identification

H1(Γ̂, ∂Γ̂;C) ∼= H1
([

CB ⊕ CW

0

d0−−→ CE ⊕
⊕
α∈α

Hom(CW∩α,C)

1

d1−−→
⊕
α∈α

Hom(CB∩α,C)

2

])
.

(11)

The differentials are given by

d0(f, g) =
((
g(w)− f(b)

)
e=bw∈E, (−g|W∩α)α∈α

)
,

d1(u, t)α =
(
u
(
bw−

α (b)
)
− u
(
bw+

α (b)
)
+ tα

(
w−
α (b)

)
− tα

(
w+
α (b)

))
b∈B∩α ,

for each α ∈ α, where t = (tα)α∈α.

Proof. Consider the cellular decomposition of Γ̂ shown in Figure 8. The 0-cells are the
vertices B ⊔W of Γ together with the boundary vertex

vw,α := ∆w ∩ α

for each α ∈ α and w ∈ W ∩ α. The 1-cells are the edges e = bw of Γ, oriented from b to
w, together with, for each α ∈ α and w ∈W ∩ α, the line segment rw,α oriented from w to

vw,α, and the boundary segments of ∂Γ̂ joining consecutive vertices vw,α. The 2-cells are
the topological disks cut out by these 0- and 1-cells.

For each α ∈ α and b ∈ B ∩ α, let Db,α denote the unique 2-cell adjacent to the

boundary arc of ∂Γ̂ indexed by b, oriented so that its relative boundary is

∂Db,α = (bw−
α (b))− (bw+

α (b)) + rw−
α (b),α − rw+

α (b),α. (12)

In the relative cellular chain complex, the boundary vertices vw,α and the boundary
segments are zero. Hence the degree-0 cochains are indexed by B⊔W, the degree-1 cochains
by the edges of Γ together with the segments rw,α, and the degree-2 cochains by the disks

Db,α. This identifies the relative cellular cochain complex C•(Γ̂, ∂Γ̂;C) with the complex
in (11).

The formula for d0 follows from

∂(bw) = w − b, ∂rw,α = vw,α − w = −w.

Similarly, the formula for d1 is obtained by dualizing (12).
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6 The anchor map on the graph side

6.1 The cluster Poisson anchor map

Recall from Proposition 5.1 that

T[wt]X ∼= H1(Γ,C) ∼= H1(Γ̂,C), T ∗
[wt]X ∼= H1(Γ,C) ∼= H1(Γ̂,C).

For L ∈ H1(Γ,Z), the differential dmonL ∈ T ∗
[wt]X is determined by the first-order expan-

sion
monL([wt(1 + εu)]) = monL([wt])

(
1 + ε monL([u])

)
.

Hence under the identification in Proposition 5.1,

dmonL ∈ T ∗
[wt]X 7→ monL([wt]) · L ∈ H1(Γ,C). (13)

Thus, the anchor map of the cluster Poisson structure is given by

π♯X : H1(Γ,C)→ H1(Γ,C), L1 7→ (L2 7→ ⟨L1, L2⟩).

6.2 Poincaré duality in coordinates

Next, we compute the Poincaré duality isomorphism.
Each edge e = bw ∈ E is contained in exactly two zig-zag paths. We denote them by

α+
e and α−

e , where α
+
e traverses e from w to b and α−

e traverses e from b to w.

Proposition 6.1. With the identification in Proposition 5.2, the isomorphism

PD : H1(Γ̂, ∂Γ̂;C)
∼=−→ H1(Γ̂,C) ∼= ker(CE ∂−→ CB ⊕ CW)

is induced by the map

CE ⊕
⊕
α∈α

Hom(CW∩α,C)→ CE, (u, t) 7→
(
tα+

e
(w)− tα−

e
(w)
)
e=bw∈E.

Proof. For each edge e = bw ∈ E, choose an oriented arc

e∨ ⊂ □e

from the boundary component α−
e to the boundary component α+

e . By our choice of
orientation, the edge e and the arc e∨ have local intersection number 1. The relative
homology classes [e∨] generate H1(Γ̂, ∂Γ̂;C), and the intersection pairing

∧ : H1(Γ̂,C)⊗H1(Γ̂, ∂Γ̂;C)→ C

is induced by
e1 ⊗ e∨2 7→ δe1,e2 .
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Moreover, e∨ is homologous in H1(Γ̂, ∂Γ̂;C) to

rw,α+
e
− rw,α−

e
.

The intersection pairing induces the isomorphism PD. Since [u, t] evaluates on [e∨] =
[rw,α+

e
− rw,α−

e
] to give tα+

e
(w)− tα−

e
(w), the isomorphism is induced by the map

(u, t) 7→
∑
e∈E

(tα+
e
(w)− tα−

e
(w))e

as claimed.

6.3 Factorization through relative cohomology

We now rephrase the anchor map in terms of Poincaré duality on Γ̂. Let

PD : H1(Γ̂, ∂Γ̂;C)
∼=−→ H1(Γ̂,C)

be the Poincaré duality isomorphism, and let

j∗ : H1(Γ̂, ∂Γ̂;C)→ H1(Γ̂,C)

be the natural map obtained by forgetting the relative structure.

Proposition 6.2. Under the identification in Proposition 5.1, the anchor map π♯X is given
by the composition

H1(Γ̂,C)
PD−1

−−−→ H1(Γ̂, ∂Γ̂;C) j∗−→ H1(Γ̂,C).

Proof. For L1 ∈ H1(Γ̂,C), the class

PD−1(L1) ∈ H1(Γ̂, ∂Γ̂;C)

is the relative cohomology class whose evaluation on a relative 1-cycle L2 is the intersection
number

L2 7→ ⟨L1, L2⟩.

Under the identification
H1(Γ̂,C) ∼= H1(Γ̂,C)∗,

the map
j∗ : H1(Γ̂, ∂Γ̂;C)→ H1(Γ̂,C)

is dual to the natural map

j : H1(Γ̂,C)→ H1(Γ̂, ∂Γ̂;C)
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which views an absolute cycle as a relative cycle. Therefore, for every L2 ∈ H1(Γ̂,C),(
j∗PD−1(L1)

)
(L2) = PD−1(L1)

(
j(L2)

)
= ⟨L1, L2⟩.

Hence j∗PD−1(L1) is the functional

L2 7→ ⟨L1, L2⟩,

which is exactly the anchor map.

6.4 The map j∗ in coordinates

Proposition 6.3. With the identification in Proposition 5.2, the map

j∗ : H1(Γ̂, ∂Γ̂;C)→ H1(Γ̂,C) ∼= H1(Γ,C)

is induced by the map

CE ⊕
⊕
α∈α

Hom(CW∩α,C)→ CE, (u, t) 7→ u.

Proof. Let [u, t] ∈ H1(Γ̂, ∂Γ̂;C). Under the identification

H1(Γ,C) ∼= H1(Γ,C)∗,

it suffices to compute the functional corresponding to j∗([u, t]).
Let L ∈ H1(Γ,C). Viewing L as an absolute 1-cycle in Γ̂, its support is contained in

the graph Γ, so it involves only the edges e ∈ E. Hence

j∗([u, t])(L) = [u, t](j(L)) =
∑
e∈E

u(e)L(e).

Therefore j∗([u, t]) is exactly the cohomology class represented by u ∈ CE. This proves the
claim.

7 The tangent and cotangent spaces on the sheaf side

7.1 The tangent space

The goal of this subsection is to prove the following explicit description of Ext•P̃2
(L̃, L̃)G.

Proposition 7.1. There is an identification

Ext•P̃2(L̃, L̃)G ∼= H•
([

CB ⊕ CW d−−→ CE

0 1

])
,
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where
d(f, g)(e) = wt(e)

(
f(b)− g(w)

)
for e = bw ∈ E.

In particular,
Ext1P̃2(L̃, L̃)G ∼= CE/ im(d).

The rest of this subsection is devoted to the proof of Proposition 7.1. Let K• denote
the two-term complex

K• :=

[
E K̃−−→ F
−1 0

]
.

Since K• is a resolution of L̃ by locally free sheaves, Ext may be computed as the hyper-
cohomology of the Čech-Hom double complex

Exti(L̃, L̃)G ∼= Hi
(
P̃2,Hom•(K•,K•)

)G
.

The computation of this hypercohomology is an especially simple application of a spectral
sequence. The relevant background is reviewed in Appendix B.

Recall (cf. [HL10, §10.1.1]) that for bounded complexes E•, F • of locally free sheaves,

Homn(E•, F •) =
⊕
i∈Z
Hom(Ei, F i+n),

with differential (df)i = d i+n
F ◦ f i − (−1)nf i+1 ◦ d i

E . Applying this to K• gives

Hom•(K•,K•) =

[
Hom(F , E) d−1

−−−→ Hom(E , E)⊕Hom(F ,F) d0−−→ Hom(E ,F)
−1 0 1

]
,

where
d−1(f) =

(
f ◦ K̃(x), K̃(x) ◦ f

)
, d0(f, g) = K̃(x) ◦ f − g ◦ K̃(x).

As in Appendix A, we compute Čech cohomology using the standard affine cover Ũ =
(Ũi)i=0,1,2 of P̃2. Then the double complex computing Ext is

Č p
(
Ũ , Homq(K•,K•)

)G
,

with total differential
D = ď+ (−1)pd,

where ď is the Čech differential and d is the differential of the complex Hom•(K•,K•).
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Since only the rows q = −1, 0, 1 are nonzero, the double complex has the form

Č0(Hom(E ,F))G Č1(Hom(E ,F))G Č2(Hom(E ,F))G

Č0(Hom(E , E)⊕Hom(F ,F))G Č1(Hom(E , E)⊕Hom(F ,F))G Č2(Hom(E , E)⊕Hom(F ,F))G

Č0(Hom(F , E))G Č1(Hom(F , E))G Č2(Hom(F , E))G.
(14)

Lemma 7.2. There is an identification

Ext•P̃2(L̃, L̃)G ∼= H•
([

H0(Hom(E , E)⊕Hom(F ,F))G d0−−→ H0(Hom(E ,F))G
0 1

])
.

(15)

Proof. Taking cohomology first in the Čech direction,

H0(Hom(E ,F))G H1(Hom(E ,F))G H2(Hom(E ,F))G

H0(Hom(E , E)⊕Hom(F ,F))G H1(Hom(E , E)⊕Hom(F ,F))G H2(Hom(E , E)⊕Hom(F ,F))G

H0(Hom(F , E))G H1(Hom(F , E))G H2(Hom(F , E))G.
(16)

Since line bundles on P̃2 have no H1, the p = 1 column of (16) vanishes. Moreover, after
forgetting the G-equivariant structure we have

Eb ∼= OP̃2(−1) and Fw
∼= OP̃2 ,

soHom(F , E) is a sum of copies of OP̃2(−1), whileHom(E ,F), Hom(E , E), andHom(F ,F)
are sums of copies of OP̃2(1) and OP̃2 . Hence

H0(P̃2,Hom(F , E))G = 0

H2(P̃2,Hom(F , E))G = H2(P̃2,Hom(E , E)⊕Hom(F ,F))G = H2(P̃2,Hom(E ,F))G = 0.

Therefore the only nonzero terms are

H0(Hom(E , E)⊕Hom(F ,F))G, H0(Hom(E ,F))G.

By Proposition B.1, the hypercohomology is computed by the two-term complex in (15).

32



Proof of Proposition 7.1. We now identify the terms appearing in (15) with vector spaces
associated to the graph. By (34), we have

Hom(Eb,Fw)
G ∼=

{
C{x̃(e)} if e = bw ∈ E,

0 otherwise,

Hom(Eb, Eb′)G ∼=

{
C{1} if b = b′,

0 otherwise,

Hom(Fw,Fw′)G ∼=

{
C{1} if w = w′,

0 otherwise.

Taking direct sums gives canonical identifications

H0(Hom(E ,F))G = Hom(E ,F)G ∼=
⊕
e∈E

C{x̃(e)} ∼= CE,

H0(Hom(E , E)⊕Hom(F ,F))G = Hom(E , E)G ⊕Hom(F ,F)G ∼= CB{1} ⊕ CW{1} ∼= CB ⊕ CW.
(17)

Under the identifications (17), the complex (15) becomes[
CB ⊕ CW d−−→ CE

0 1

]
.

Moreover, if e = bw ∈ E, then the e-component of

d0(f, g) = K̃ ◦ f − g ◦ K̃

is
wt(e)

(
f(b)− g(w)

)
.

This proves Proposition 7.1.

7.2 Two models for the cotangent space

We now turn to the cotangent space on the sheaf side. As on the graph side, there are two
useful models.

The first model is
T ∗
(L̃,ν)M̃

∼= Ext1(L̃, L̃(−D̃))G.

This identification comes from Serre duality, which identifies

Ext1(L̃, L̃(−D̃))G ∼= Ext1(L̃, L̃)G,∗ = T ∗
(L̃,ν)M̃.
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The second model is obtained from the restriction map

r : L̃ → L̃|
D̃
,

which induces an isomorphism

Ψ : Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G ∼=−−→ Ext1(L̃, L̃(−D̃))G.

Thus the cotangent space admits the two descriptions

T ∗
(L̃,ν)M̃

∼= Ext1(L̃, L̃(−D̃))G ∼= Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G
.

The next three subsections compute these models and the Serre duality pairing concretely.

7.3 The first model for the cotangent space

The goal of this subsection is to prove the following explicit description of Ext•(L̃, L̃(−D̃))G.

Proposition 7.3. There is an identification

Ext•(L̃, L̃(−D̃))G ∼= H•
([

CE d1−−→ CB ⊕ CW

1 2

])
, (18)

where

d1(v) =

( ∑
w:bw∈E

wt(bw)v(bw)

)
b∈B

,

( ∑
b:bw∈E

wt(bw)v(bw)

)
w∈W

 .

In particular,

Ext1(L̃, L̃(−D̃))G ∼= ker(d1), Ext2(L̃, L̃(−D̃))G ∼= (CB ⊕ CW)/ im(d1).

The rest of this subsection is devoted to the proof of Proposition 7.3. We compute Ext
as the hypercohomology

Exti(L̃, L̃(−D̃))G ∼= Hi
(
P̃2,Hom•(K•,K•(−D̃))

)G
,

where Hom•(K•,K•(−D̃)) is[
Hom(F , E(−D̃))

d−1

−−−→ Hom(E , E(−D̃))⊕Hom(F ,F(−D̃))
d0−−→ Hom(E ,F(−D̃))

−1 0 1

]
,

with
d−1(u) =

(
u ◦ K̃, K̃ ◦ u

)
, d0(a, b) = K̃ ◦ a− b ◦ K̃.
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The double complex whose hypercohomology we need to compute is

Č p
(
Ũ ,Homq(K•,K•(−D̃))

)G
.

The nonzero portion is

Č0(Hom(E ,F(−D̃)))G Č1(Hom(E ,F(−D̃)))G Č2(Hom(E ,F(−D̃)))G

Č0(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G Č1(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G Č2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G

Č0(Hom(F , E(−D̃)))G Č1(Hom(F , E(−D̃)))G Č2(Hom(F , E(−D̃)))G

.

(19)

Lemma 7.4. There is an identification

Ext•(L̃, L̃(−D̃))G = H•
([
H2(Hom(F , E(−D̃)))G

1

d−1

−−−→ H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G

2

])
.

(20)

Proof. Taking cohomology first in the Čech direction, all groups vanish except the two
H2-terms shown above. Hence we obtain

0 0 0

0 0 H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G

0 0 H2(Hom(F , E(−D̃)))G

.

Proposition B.1 gives the claimed two-term complex.

We now identify the two cohomology groups appearing in Lemma 7.4 with vector spaces
associated to the graph. By (35), we have

H2(Hom(Eb, Eb′(−D̃)))G ∼=

{
1

x̃0x̃1x̃2
C{1} if b = b′,

0 otherwise,

and similarly

H2(Hom(Fw,Fw′(−D̃)))G ∼=

{
1

x̃0x̃1x̃2
C{1} if w = w′,

0 otherwise,
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while

H2(Hom(Fw, Eb(−D̃)))G ∼=

{
1

x̃0x̃1x̃2
C
{

1
x̃(e)

}
if e = bw ∈ E,

0 otherwise.

Taking direct sums, we obtain canonical identifications

H2(Hom(F , E(−D̃)))G ∼= CE, H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G ∼= CB ⊕ CW.
(21)

Under these identifications, a class in

H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G

is represented by a 2-Čech cocycle of the form

1

x̃0x̃1x̃2
(f(b), g(w))b∈B, w∈W, f ∈ CB, g ∈ CW,

and a class in
H2(Hom(F , E(−D̃)))G

is represented by a cocycle of the form

1

x̃0x̃1x̃2

(
v(e)

x̃(e)

)
e∈E

, v ∈ CE.

Lemma 7.5. Under the identifications (21), the differential in Lemma 7.4 becomes the
map

d1 : CE → CB ⊕ CW

given by

d1(v) =

( ∑
w:bw∈E

wt(bw)v(bw)

)
b∈B

,

( ∑
b:bw∈E

wt(bw)v(bw)

)
w∈W

 .

Proof. The differential is induced by the map

d−1 : Hom(F , E(−D̃))→ Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)), u 7→
(
u ◦ K̃, K̃ ◦ u

)
.

Let

u =
1

x̃0x̃1x̃2

(
v(e)

x̃(e)

)
e∈E

.

Then the diagonal (b, b)-entry of u ◦ K̃ is∑
w:bw∈E

wt(bw)v(bw)

x̃0x̃1x̃2
,
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while the diagonal (w,w)-entry of K̃ ◦ u is∑
b:bw∈E

wt(bw)v(bw)

x̃0x̃1x̃2
.

These are exactly the two components of d1(v).

Combining Lemma 7.4, the identifications (21), and Lemma 7.5, we obtain

Ext•(L̃, L̃(−D̃))G ∼= H•
([

CE d1−−→ CB ⊕ CW

1 2

])
,

with d1 as above. This proves Proposition 7.3.

7.4 Serre duality

The goal of this subsection is to compute the Serre duality pairing

Ext1(L̃, L̃)G ⊗ Ext1
(
L̃, L̃(−D̃)

)G ∪−−→ Ext2
(
L̃, L̃(−D̃)

)G tr−−→ H2(P̃2,OP̃2(−D̃))G
θ̃−→∼= C.

We first state the result.

Proposition 7.6. With the identifications in Proposition 7.1 and Proposition 7.3, the
Serre duality pairing

Ext1(L̃, L̃)G ⊗ Ext1
(
L̃, L̃(−D̃)

)G → C
is induced by the map

CE ⊗ CE → C

u⊗ v 7→ −
∑
e∈E

u(e)v(e). (22)

7.4.1 The cup product

In this subsubsection we compute the cup product using Čech-Hom double complex.

Lemma 7.7. With the identifications in Proposition 7.1 and Proposition 7.3, the cup
product map

∪ : Ext1(L̃, L̃)G ⊗ Ext1(L̃, L̃(−D̃))G → Ext2(L̃, L̃(−D̃))G

is induced by the map
∪ : CE ⊗ CE → CB ⊕ CW

given by

u ∪ v =

( ∑
w:bw∈E

u(bw)v(bw)

)
b∈B

, 0

 .
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Proof. By definition, the cup product is induced by the map

∪ : Čp
(
Ũ ,Hom(K•,K•)q

)G⊗Čp′
(
Ũ ,Hom(K•,K•(−D̃))q

′)G → Čp+p′
(
Ũ ,Hom(K•,K•(−D̃))q+q′

)G
given by

(α ∪ β)i0···ip+p′ = (−1)qp′βip···ip+p′

∣∣
Ũi0···ip+p′

◦ αi0···ip
∣∣
Ũi0···ip+p′

.

By Proposition 7.1, an element u ∈ CE determines an element of

H0(Hom(E ,F))G,

represented by the Čech 0-cocycle

l =
(
u(e) x̃(e)

)
e∈E ∈ Č

0(Ũ ,Hom(E ,F))G,

where each u(e) x̃(e) is viewed as a global section, hence as a Čech 0-cocycle with identical
components on the three open sets of Ũ . This class is represented by the D-cocycle

(l, 0, 0) ∈ Č0(Ũ ,Hom(E ,F))G ⊕ Č1(Ũ ,Hom(E , E)⊕Hom(F ,F))G ⊕ Č2(Ũ ,Hom(F , E))G,

where ď(l) = 0.
Similarly, let v ∈ ker(d1) ⊂ CE. A class in

Ext1(L̃, L̃(−D̃))G

may be represented by a D-cocycle (l′,m′, n′) in

Č0(Ũ ,Hom(E ,F(−D̃)))G⊕Č1
(
Ũ ,Hom(E , E(−D̃))⊕Hom(F ,F(−D̃))

)G⊕Č2(Ũ ,Hom(F , E(−D̃)))G,

satisfying

ď(l′)− d0(m′) = 0, ď(m′) + d−1(n′) = 0, ď(n′) = 0.

Here the Č2-component is

n′ =
1

x̃0x̃1x̃2

(
v(e)

x̃(e)

)
e∈E

.

The nonzero part of the cup product is

(r, s) = (l, 0, 0) ∪ (l′,m′, n′),

where

(r, s) ∈ Č1(Ũ ,Hom(E ,F(−D̃)))G ⊕ Č2
(
Ũ ,Hom(E , E(−D̃))⊕Hom(F ,F(−D̃))

)G
38



is explicitly given by

rij = −m′,F
ij ◦ li ∈ Hom(E|

Ũij
,F(−D̃)|

Ũij
)G,

sijk =
(
n′ijk ◦ li, 0

)
∈ Hom(E|

Ũijk
, E(−D̃)|

Ũijk
)G ⊕Hom(F|

Ũijk
,F(−D̃)|

Ũijk
)G.

Under the identification of Lemma 7.4, the class of the total cocycle (r, s) is sent
precisely to the class of s in

H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G
/
im
(
d−1
)
.

It remains to identify this class explicitly. The (b, b)-entry of n′ ◦ l is∑
w:bw∈E

u(bw)v(bw)

x̃0x̃1x̃2
.

Hence under the identification

H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G ∼= CB ⊕ CW,

the class of s is ( ∑
w:bw∈E

u(bw)v(bw)

)
b∈B

, 0

 .

7.4.2 The trace map

The goal of this subsubsection is to compute the trace map

θ̃ ◦ tr : Ext2(L̃, L̃(−D̃))G → H2(P̃2,OP̃2(−D̃))G
θ̃−→∼= C.

Proposition 7.8. Under the identification of Proposition 7.3, the trace map

θ̃ ◦ tr : Ext2(L̃, L̃(−D̃))G → H2(P̃2,OP̃2(−D̃))G
θ̃−→∼= C

is induced by

CB ⊕ CW → C, (f, g) 7→
∑
w∈W

g(w)−
∑
b∈B

f(b).

Proof. Consider the trace morphism of complexes

tr : Hom•(K•,K•(−D̃))→
[
OP̃2(−D̃)

0

]
,
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defined by

tr
∣∣
Hom(Ki,Kj(−D̃))

=

{
(−1)i trKi if i = j,

0 otherwise.

We have

H2(P̃2,OP̃2(−D̃))G =
1

x̃0x̃1x̃2
C{1}, θ̃

(
1

x̃0x̃1x̃2

)
= 1.

Hence θ̃ ◦ tr is determined by its value on a cocycle

1

x̃0x̃1x̃2
(f(b), g(w))b∈B, w∈W ∈ H2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G.

Since the trace is the alternating sum of the diagonal traces, we obtain

(θ̃ ◦ tr)(f, g) =
∑
w∈W

g(w)−
∑
b∈B

f(b).

Proof of Proposition 7.6. By Lemma 7.7, the cup product

Ext1(L̃, L̃)G ⊗ Ext1(L̃, L̃(−D̃))G → Ext2(L̃, L̃(−D̃))G

is induced by

u⊗ v 7→

( ∑
w:bw∈E

u(bw)v(bw)

)
b∈B

, 0

 .

Applying Proposition 7.8, we obtain

(θ̃ ◦ tr)(u ∪ v) = −
∑
b∈B

∑
w:bw∈E

u(bw)v(bw)

= −
∑
e∈E

u(e)v(e).

Thus the Serre duality pairing is induced by the map (22).

7.5 The second model for the cotangent space

In this section, we compute Ext•
(
L̃, [L̃ → L̃|

D̃
]
)G

by the same Čech-Hom double-complex
method used in the previous subsection.

For each zig-zag path α ∈ α and each black vertex b ∈ B ∩ α, recall that

w−
α (b) − b − w+

α (b)

denotes the wedge of α at b.
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Proposition 7.9. There is an identification

Ext•
(
L̃, [L̃ → L̃|

D̃
]
)G ∼= H•

([
CB ⊕ CW

0

d0−−→ CE ⊕
⊕
α∈α

Hom(CW∩α,C)

1

d1−−→
⊕
α∈α

Hom(CB∩α,C)

2

])
.

(23)

The differentials are given by

d0(f, g) =
((

wt(e)(f(b)− g(w))
)
e=bw∈E, (g|W∩α)α∈α

)
,

d1(u, t)α =

(
u(bw−

α (b))

wt(bw−
α (b))

− u(bw+
α (b))

wt(bw+
α (b))

+ tα(w
−
α (b))− tα(w+

α (b))

)
b∈B∩α

,

for each α ∈ α, where t = (tα)α∈α.

The rest of this subsection is devoted to the proof of Proposition 7.9. Let

K•
D̃
:=
[
E K̃−−→ F → L̃|

D̃
−1 0 1

]
be the three-term complex obtained by composing F → L̃ with the restriction map

r : L̃ → L̃|
D̃
.

Then
Exti

(
L̃, [L̃ → L̃|

D̃
]
)G ∼= Hi

(
P̃2,Hom•(K•,K•

D̃
)
)G
,

where

Hom•(K•,K•
D̃
) =

[
Hom(F , E)

−1

d−1

−−−→ Hom(E , E)⊕Hom(F ,F)
0

d0−−→ Hom(E ,F)⊕Hom(F , L̃|
D̃
)

1

d1−−→ Hom(E , L̃|
D̃
)

2

]
.

and, writing m = (mE ,mF ),

d−1(f) =
(
f ◦ K̃, K̃ ◦ f

)
,

d0(mE ,mF ) =
(
K̃ ◦mE −mF ◦ K̃, r ◦mF),

d1(u, t) = r ◦ u+ t ◦ K̃. (24)
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Lemma 7.10. There is an identification

Ext•
(
L̃, [L̃ → L̃|

D̃
]
)G ∼= H•

([
Hom(E , E)G ⊕Hom(F ,F)G

0

d0−−→ Hom(E ,F)G ⊕Hom(F , L̃|
D̃
)G

1

d1−−→ Hom(E , L̃|
D̃
)G

2

])
,

(25)
where the differentials are induced by (24).

Proof. Since Homq(K•,K•
D̃
) = 0 unless q ∈ {−1, 0, 1, 2}, the Čech-Hom double complex

has four nonzero rows:

Č0(Hom(E , L̃|
D̃
))G Č1(Hom(E , L̃|

D̃
))G

Č0(Hom(E ,F)⊕Hom(F , L̃|
D̃
))G Č1(Hom(E ,F)⊕Hom(F , L̃|

D̃
))G

Č0(Hom(E , E)⊕Hom(F ,F))G Č1(Hom(E , E)⊕Hom(F ,F))G

Č0(Hom(F , E))G Č1(Hom(F , E))G.

(26)

Taking cohomology first in the Čech direction and using the same vanishing statements
as in Lemma 7.2, the only surviving terms occur in Čech degree p = 0. It follows by
Proposition B.1 that the hypercohomology is computed by the cohomology of the com-
plex (25).

We now describe the two spaces

Hom(E , L̃|
D̃
)G, Hom(F , L̃|

D̃
)G

in concrete terms. For α ∈ α, let

π−1(α) = {α̃1, . . . , α̃d} ⊂ D̃

be the set of points of D̃ lying over α. Since L̃|
D̃

is a collection of one dimensional spaces

supported on the finite set C̃ ∩ D̃, we have

Hom(E , L̃|
D̃
) ∼=

⊕
α∈α

d⊕
i=1

Hom
(
E
∣∣
α̃i
, L̃
∣∣∣
α̃i

)
, Hom(F , L̃|

D̃
) ∼=

⊕
α∈α

d⊕
i=1

Hom
(
F
∣∣
α̃i
, L̃
∣∣∣
α̃i

)
.

Moreover, at the point α̃i, only the α-block of K̃ contributes. Define

Eα,i :=
⊕

b∈B∩α
Eb
∣∣
α̃i
, Fα,i :=

⊕
w∈W∩α

Fw

∣∣
α̃i
, Lα,i := coker

(
K̃α

∣∣∣
α̃i

: Eα,i → Fα,i

)
∼= L̃

∣∣∣
α̃i

,

42



so that

Hom(E , L̃|
D̃
) ∼=

⊕
α∈α

d⊕
i=1

Hom(Eα,i, Lα,i),

Hom(F , L̃|
D̃
) ∼=

⊕
α∈α

d⊕
i=1

Hom(Fα,i, Lα,i).

To obtain explicit coordinates, choose for each α ∈ α and each α̃i ∈ π−1(α) a gauge
transformation (i.e. left and right multiplication by diagonal matrices) identifying

K̃α

∣∣∣
α̃i

with ∂α :=


1 −1
−1 1

−1 1
. . .

. . .

 .
Such a gauge transformation exists because when viewed as edge weights, (K̃α

∣∣∣
α̃i

)b,w define

a cohomology class with monodromy (−1)d around α by (8). Since coker(∂α) ∼= C via the
row vector (1, . . . , 1), these choices give identifications

Eα,i
∼= CB∩α, Fα,i

∼= CW∩α, Lα,i
∼= coker(∂α) ∼= C,

Therefore

Hom(Eα,i, Lα,i) ∼= Hom(CB∩α,C), Hom(Fα,i, Lα,i) ∼= Hom(CW∩α,C),

and hence

Hom(E , L̃|
D̃
) ∼=

⊕
α∈α

d⊕
i=1

Hom(CB∩α,C),

Hom(F , L̃|
D̃
) ∼=

⊕
α∈α

d⊕
i=1

Hom(CW∩α,C).

These identifications depend on the chosen gauges and are therefore noncanonical.

Lemma 7.11. Assume that the above gauges are chosen G-equivariantly. Then

Hom(E , L̃|
D̃
)G ∼=

⊕
α∈α

Hom(CB∩α,C), Hom(F , L̃|
D̃
)G ∼=

⊕
α∈α

Hom(CW∩α,C).

Proof. We prove the first isomorphism; the second is identical. Fix α ∈ α. Because the
gauges are chosen G-equivariantly, the induced G-action on

d⊕
i=1

Hom(CB∩α,C)
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is the permutation action on the d summands corresponding to the d points α̃1, . . . , α̃d.
Therefore the G-invariant subspace is the diagonal copy:(

d⊕
i=1

Hom(CB∩α,C)

)G

= {(f, . . . , f) : f ∈ Hom(CB∩α,C)} ∼= Hom(CB∩α,C).

Summing over all α ∈ α gives the claim.

We next compute the two maps entering the complex (25).

Lemma 7.12. Under the identifications

Hom(E ,F)G ∼= CE, Hom(E , L̃|
D̃
)G ∼=

⊕
α∈α

Hom(CB∩α,C)

from Proposition 7.1 and Lemma 7.11, the map

Hom(E ,F)G → Hom(E , L̃|
D̃
)G

is given by

u 7→ u(bw−
α (b))

wt(bw−
α (b))

− u(bw+
α (b))

wt(bw+
α (b))

(b ∈ B ∩ α).

Proof. Fix α ∈ α and a point α̃i ∈ D̃ lying over α. Under the above identifications, the
α-component of

r ◦ u : E → L̃|
D̃

at α̃i is the composition

Eα,i

u
∣∣∣
α̃i−−−−→ Fα,i → Lα,i

∼= C.

Under the gauge transformation identifying K̃α

∣∣∣
α̃i

with ∂α, the matrix representing u
∣∣
α̃i

has, in the column indexed by b ∈ B ∩ α, exactly two nonzero entries:

u(bw−
α (b))

wt(bw−
α (b))

in row w−
α (b), − u(bw+

α (b))

wt(bw+
α (b))

in row w+
α (b).

Multiplying by the row vector (1, . . . , 1) shows that the induced functional on CB∩α is

b 7→ u(bw−
α (b))

wt(bw−
α (b))

− u(bw+
α (b))

wt(bw+
α (b))

.

This proves the formula.

44



Lemma 7.13. Under the identifications of Lemma 7.11, the map

Hom(F , L̃|
D̃
)G → Hom(E , L̃|

D̃
)G

is given by
t = (tα)α∈α 7→ tα(w

−
α (b))− tα(w+

α (b)) (b ∈ B ∩ α).

Proof. Fix α ∈ α. Under the chosen identifications, the map

Hom(CW∩α,C)→ Hom(CB∩α,C)

is induced by composition with the matrix ∂α. This gives the stated formula.

We can now finish the proof of Proposition 7.9.

Proof of Proposition 7.9. By Lemma 7.10, the Ext groups are computed by the cohomology
of the three-term complex

Hom(E , E)G ⊕Hom(F ,F)G → Hom(E ,F)G ⊕Hom(F , L̃|
D̃
)G → Hom(E , L̃|

D̃
)G.

Using Proposition 7.1, we identify

Hom(E , E)G ⊕Hom(F ,F)G ∼= CB ⊕ CW, Hom(E ,F)G ∼= CE.

Using Lemma 7.11, we identify

Hom(F , L̃|
D̃
)G ∼=

⊕
α∈α

Hom(CW∩α,C), Hom(E , L̃|
D̃
)G ∼=

⊕
α∈α

Hom(CB∩α,C).

Under these identifications, the first differential is induced by

d0(f, g) =
((

wt(e)(f(b)− g(w))
)
e=bw∈E, (g|W∩α)α∈α

)
,

and the second differential is the sum of the two maps computed in Lemma 7.12 and
Lemma 7.13. Thus, for u ∈ CE and t = (tα)α∈α,

d1(u, t)α =

(
u(bw−

α (b))

wt(bw−
α (b))

− u(bw+
α (b))

wt(bw+
α (b))

+ tα(w
−
α (b))− tα(w+

α (b))

)
b∈B∩α

.

This is exactly the complex (23).

8 The anchor map on the sheaf side

Under the identifications introduced above, the Beauville–Bottacin anchor map is given by
the composition

π♯
M̃

: Ext1(L̃, L̃(−D̃))G
Ψ−1

−−−−→ Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G θ̃−−→ Ext1(L̃, L̃)G.

Thus it remains to compute the two maps Ψ−1 and θ̃.
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8.1 The map θ̃ in coordinates

In this subsection, we compute the map θ̃ that plays the role of the map j∗ on the graph
side.

Proposition 8.1. With the identifications in Proposition 7.1 and Proposition 7.9, the map

θ̃ : Ext1(L̃, [L̃ → L̃|
D̃
])G → Ext1(L̃, L̃)G

is induced by the projection

CE ⊕
⊕
α∈α

Hom(CW∩α,C)→ CE, (u, t) 7→ u.

Proof. Recall that the map

θ̃ : Ext1(L̃, [L̃ → L̃|
D̃
])G → Ext1(L̃, L̃)G

is induced by the morphism of complexes

[L̃ r−→ L̃|
D̃
]→ L̃,

given by projection onto the first term.
We compute both Ext groups using the locally free resolutions K•

D̃
and K•. The

morphism above is represented by the morphism of complexes[
E K̃−−→ F → L̃|

D̃
−1 0 1

]
→
[
E K̃−−→ F
−1 0

]
given by projection onto the first two terms. Applying

Č•(Ũ ,Hom(K•,−)
)G

therefore gives a morphism of double complexes from the double complex computing
Ext•(L̃, [L̃ → L̃|

D̃
])G to the one computing Ext•(L̃, L̃)G. Passing to Čech cohomology,

we get the map stated in the proposition.

8.2 Comparison of the two cotangent models

In this section, we compute the map Ψ identifying the two cotangent space models.

Proposition 8.2. With the identifications in Proposition 7.3 and Proposition 7.9, the
isomorphism

Ψ : Ext1(L̃, [L̃ → L̃|
D̃
])G

∼=−−→ Ext1(L̃, L̃(−D̃))G

is induced by the map

CE ⊕
⊕
α∈α

Hom(CW∩α,C)→ CE, (v, t) 7→

(
tα−

e
(w)− tα+

e
(w)

wt(e)

)
e∈E

.

46



The goal of this subsection is to compute the above isomorphism explicitly. Rather than
work directly with representatives, we characterize it by compatibility with cup products.
The argument has three steps:

1. Compute the cup product

Ext1(L̃, L̃)G ⊗ Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G → Ext2

(
L̃, [L̃ → L̃|

D̃
]
)G
.

2. Compare the two linear functionals on the resulting one-dimensional Ext2-spaces.

3. Recover the isomorphism from nondegeneracy of the Serre duality pairing.

Let
Ψ2 : Ext

2
(
L̃, [L̃ → L̃|

D̃
]
)G ∼=−−→ Ext2(L̃, L̃(−D̃))G

denote the map induced by the restriction morphism in the second variable. By functori-
ality of the cup product, we obtain a commuting diagram

Ext1(L̃, L̃)G ⊗ Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G

Ext2
(
L̃, [L̃ → L̃|

D̃
]
)G

Ext1(L̃, L̃)G ⊗ Ext1(L̃, L̃(−D̃))G Ext2(L̃, L̃(−D̃))G.

∪

1⊗Ψ Ψ2

∪

Thus we are reduced to computing the simpler isomorphism

Ext2(L̃, L̃(−D̃))G ∼= Ext2
(
L̃, [L̃ → L̃|

D̃
]
)G

between one-dimensional spaces.

8.2.1 The cup product

The main result of this subsubsection is the following.

Lemma 8.3. With the identifications of Proposition 7.1 and Proposition 7.9, the cup
product

∪ : Ext1(L̃, L̃)G ⊗ Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G → Ext2

(
L̃, [L̃ → L̃|

D̃
]
)G

is induced by the map

CE ⊗

(
CE ⊕

⊕
α∈α

Hom(CW∩α,C)

)
→
⊕
α∈α

Hom(CB∩α,C), u⊗ (v, t) 7→ (sα)α∈α,

where, for each α ∈ α and each wedge

w−
α (b) − b − w+

α (b)
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along α, we have

sα(b) =
u(bw−

α (b))

wt(bw−
α (b))

tα(w
−
α (b))−

u(bw+
α (b))

wt(bw+
α (b))

tα(w
+
α (b)).

Proof. Using the Čech–Hom double complexes from Sections 7.1 and 7.5, it suffices to
compute the induced map on the p = 0 column:

Hom(E ,F)G ⊗
(
Hom(E ,F)G ⊕Hom(F , L̃|

D̃
)G
)
→ Hom(E , L̃|

D̃
)G.

Only the summand Hom(F , L̃|
D̃
)G in the second factor can contribute to the target, so the

component v ∈ Hom(E ,F)G plays no role in this cup product. By Proposition 7.1, u ∈ CE

is identified with
l =

(
u(e) x̃(e)

)
e∈E ∈ Hom(E ,F)G.

The cup product is therefore represented by

t ◦ l ∈ Hom(E , L̃|
D̃
)G.

It remains to identify this map explicitly.
Fix α ∈ α and a point α̃i ∈ D̃ lying over α. Under the identifications in Lemma 7.11,

the α-component of t ◦ l is the composition

Eα,i

l
∣∣∣
α̃i−−−→ Fα,i

tα−−→ Lα,i
∼= C.

Under the gauge transformation identifying K̃α

∣∣∣
α̃i

with ∂α, the matrix representing l
∣∣
α̃i

has, in the column b, exactly two nonzero entries:

u(bw−
α (b))

wt(bw−
α (b))

in row w−
α (b), − u(bw+

α (b))

wt(bw+
α (b))

in row w+
α (b).

Composing with the row vector tα, it follows that the composition

sα = tα ◦ l
∣∣
α̃i
∈ Hom(CB∩α,C)

is given by

sα(b) =
u(bw−

α (b))

wt(bw−
α (b))

tα(w
−
α (b))−

u(bw+
α (b))

wt(bw+
α (b))

tα(w
+
α (b)).
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8.2.2 The isomorphism between the two Ext2-spaces

Define the map

ϕ : Ext2
(
L̃, [L̃ → L̃|

D̃
]
)G → C

induced by the map⊕
α∈α

Hom(CB∩α,C)→ C, (sα)α∈α 7→
∑
α∈α

∑
b∈B∩α

sα(b).

Recall the trace map
θ̃ ◦ tr : Ext2(L̃, L̃(−D̃))G → C

induced by

CB ⊕ CW → C, (f, g) 7→
∑
w∈W

g(w)−
∑
b∈B

f(b).

from Proposition 7.8.

Proposition 8.4. The scalar c ∈ C× that makes the diagram

Ext2(L̃, L̃(−D̃))G C

Ext2
(
L̃, [L̃ → L̃|

D̃
]
)G C

θ̃◦tr

Ψ2 c

ϕ

,

commute is c = −1, where the map on the right is multiplication by c.

The proof of Proposition 8.4 is a straightforward but somewhat tedious diagram chase,
so we defer it to Appendix C.

Proof of Proposition 8.2. Let

u ∈ CE, (v, t) ∈ CE ⊕
⊕
α∈α

Hom(CW∩α,C).

By Lemma 8.3, we have

ϕ
(
u ∪ (v, t)

)
=
∑
α∈α

∑
b∈B∩α

( u(bw−
α (b))

wt(bw−
α (b))

tα(w
−
α (b))−

u(bw+
α (b))

wt(bw+
α (b))

tα(w
+
α (b))

)
.

Regrouping the sum by edges gives

ϕ
(
u ∪ (v, t)

)
=

∑
e=bw∈E

u(e)

wt(e)

(
tα−

e
(w)− tα+

e
(w)
)
.
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On the other hand, under the lower cup product and Proposition 7.6, the Serre duality
pairing gives

u⊗Ψ(v, t) 7−→ −
∑
e∈E

u(e)Ψ(v, t)(e).

By Proposition 8.4, the functional ϕ is equal to −1 times θ̃ ◦ tr under the induced isomor-
phism on Ext2. Therefore

ϕ
(
u ∪ (v, t)

)
=
∑
e∈E

u(e)Ψ(v, t)(e).

Since this holds for all u ∈ CE,

Ψ(v, t)(e) =
tα−

e
(w)− tα+

e
(w)

wt(e)
(e = bw ∈ E),

as claimed.

9 The differential of the spectral transform

The following proposition identifies the differential of the spectral transform.

Proposition 9.1. Let (L̃,ν) = κ([wt]). Under the identification of Proposition 7.1, the
differential

dκ : T[wt]X ∼= H1(Γ,C)→ Tκ([wt])M̃ ∼= Ext1(L̃, L̃)G

is induced by the identity map
u 7→ wtu ∈ CE.

Proof. A total 1-cochain is a triple (l,m, n) where

l = (li) ∈ Č0
(
Ũ ,Hom(E ,F)

)G
,

m = (mij) = (mE
ij ,m

F
ij) ∈ Č1

(
Ũ ,Hom(E , E)⊕Hom(F ,F)

)G
,

n = (nijk) ∈ Č2
(
Ũ ,Hom(F , E)

)G
.

Since
d0(f, g) = K̃ ◦ f − g ◦ K̃ and d−1(u) =

(
u ◦ K̃, K̃ ◦ u

)
,

the condition D(l,m, n) = 0 is equivalent to

ď(l)− d0(m) = 0,

ď(m) + d−1(n) = 0,

ď(n) = 0.
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Explicitly, these equations are

lj − li −
(
K̃ ◦mE

ij −mF
ij ◦ K̃

)
= 0, (27)

mjk −mik +mij +
(
nijk ◦ K̃, K̃ ◦ nijk

)
= 0, (28)

ď(n) = 0. (29)

Since the cover Ũ has only three open sets, (29) holds automatically.
We now recall the deformation-theoretic meaning of these equations following [FIM12].

For clarity, we temporarily write K̃(wt) instead of K̃. Fix wt and consider the complex

K• =
[
E K̃(wt)−−−→ F

]
.

Over an affine open Ũi ∈ Ũ , a first-order deformation of the differential is given by

K̃(wt) 7→ K̃(wt) + εli, li ∈ Hom
(
E|

Ũi
,F|

Ũi

)G
,

and hence defines a local deformation of complexes over C[ε]/(ε2):[
E|

Ũi
⊗ C[ε]/(ε2) K̃(wt)+εli−−−−−−−→ F|

Ũi
⊗ C[ε]/(ε2)

]
.

To glue these local deformations over Ũij := Ũi ∩ Ũj , we choose chain isomorphisms

1 + εmij , mij = (mE
ij ,m

F
ij),

so that the diagram

E|
Ũij

F|
Ũij

E|
Ũij

F|
Ũij

K̃(wt)+εlj

1+εmE
ij 1+εmF

ij

K̃(wt)+εli

commutes modulo ε2. Comparing the ε-terms gives precisely (27).
On triple overlaps Ũijk, the gluing maps satisfy the cocycle condition up to chain

homotopy. Thus there exist

nijk ∈ Hom
(
F|

Ũijk
, E|

Ũijk

)G
such that

(1 + εmik)− (1 + εmij)(1 + εmjk) = εd−1(nijk).

Comparing the ε-terms gives exactly (28). Hence a first-order deformation of L̃ determines
a cocycle (l,m, n) representing its class in Ext1(L̃, L̃)G.
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Now let
u ∈ T[wt]X ∼= H1(Γ,C),

and consider the first-order deformation

wt(ε) := wt(1 + εu) over C[ε]/(ε2).

Since K̃(·) depends linearly on the edge weights,

K̃(wt(ε)) = K̃(wt) + εK̃(wtu).

Thus the induced deformation of the spectral sheaf is the cokernel of

0→ E ⊗ C[ε]/(ε2) K̃(wt)+εK̃(wtu)−−−−−−−−−−−→ F ⊗ C[ε]/(ε2)→ L̃ε → 0.

In this case we may take
li = K̃(wtu) for all i,

and
mij = 0, nijk = 0.

Thus the resulting class in Ext1(L̃, L̃)G is represented by the global section

K̃(wtu) ∈ Hom(E ,F)G.

Under the identification
Hom(E ,F)G ∼= CE

from Proposition 7.1, this section corresponds exactly to the edgewise product

wtu ∈ CE.

Therefore dκ is induced by the map

ẇt 7→ wtu,

as claimed.

10 Proof of Theorem 4.1

Consider the complexes (11) and (23) computing H1(Γ̂, ∂Γ̂;C) and Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G

respectively. Define a chain isomorphism

Φ• : (11)→ (23)
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by
Φ0(f, g) = (−f,−g), Φ1(u, t) = (wtu, t), Φ2 = id.

This induces an isomorphism

Φ : H1(Γ, ∂Γ̂;C)
∼=−→ Ext1

(
L̃, [L̃ → L̃|

D̃
]
)G
.

We first prove commutativity of

H1(Γ, ∂Γ̂;C) T[wt]X = H1(Γ,C)

Ext1
(
L̃, [L̃ → L̃|

D̃
]
)G

T
(L̃,ν)M̃ = Ext1(L̃, L̃)G.

j∗

Φ dκ

θ̃

(30)

By Proposition 8.1,
θ̃
(
Φ([u, t])

)
= [wtu] ∈ Ext1(L̃, L̃)G.

On the other hand, Proposition 9.1 identifies the differential of the spectral transform with

dκ([u]) = [wtu] ∈ Ext1(L̃, L̃)G.

Therefore,
θ̃ ◦ Φ([u, t]) = [wtu] = dκ([u]) = dκ ◦ j∗([u, t]),

so the square (30) commutes.
Next, consider the complex[

CE ∂−−→ CB ⊕ CW

1 2

]
, ∂(bw) = w − b, (31)

computing H1(Γ,C) and the complex (18) computing Ext1(L̃, L̃(−D̃))G from Proposi-
tion 7.3. Define a chain isomorphism

Ξ• : (31)→ (18)

by

Ξ1(u) = − u

wt
, Ξ2(f, g) = (f,−g).

This induces an isomorphism

Ξ : H1(Γ,C)
∼=−→ Ext1(L̃, L̃(−D̃))G.
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We claim that the following diagram commutes:

T ∗
[wt]X H1(Γ,C) H1(Γ̂, ∂Γ̂;C)

T ∗
(L̃,ν)
M̃ Ext1(L̃, L̃(−D̃))G Ext1

(
L̃, [L̃ → L̃|

D̃
]
)G
.

∼= PD−1

∼=

Ξ Φdκ∗

Serre duality
∼= ∼=

Ψ−1

For the left square, let [u] ∈ H1(Γ,C) and [a] ∈ H1(Γ,C). By Proposition 9.1,

dκ([u]) = [wtu] ∈ Ext1(L̃, L̃)G.

Hence, using Proposition 7.6, the Serre duality pairing maps

dκ([u])⊗ Ξ([a]) 7→ −
∑
e∈E

(wtu)(e)

(
− a(e)

wt(e)

)
=
∑
e∈E

u(e)a(e).

which agrees with the pairing between H1(Γ,C) and H1(Γ,C). Thus the left square com-
mutes.

For the right square, let [u, t] ∈ H1(Γ̂, ∂Γ̂;C). Then

Ψ ◦ Φ([u, t]) = Ψ([wtu, t]) =

[(
tα−

e
(w)− tα+

e
(w)

wt(e)

)
e∈E

]
.

On the other hand, the Poincaré duality isomorphism PD in Proposition 6.1 maps

[u, t] 7→ [(tα+
e
(w)− tα−

e
(w))e∈E]

which under Ξ also gets sent to[(
tα−

e
(w)− tα+

e
(w)

wt(e)

)
e∈E

]
.

We have thus shown commutativity of (10), completing the proof of Theorem 4.1.

Appendix A Equivariant line bundles on P̃2 and their coho-
mology

For the convenience of the reader, we collect in this appendix the basic facts about G-
equivariant line bundles on P̃2 needed in the body of the paper. After recalling the stan-
dard description of line bundles and their cohomology on projective space, we explain how
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the G-linearization picks out distinguished G-invariant monomials in H0 and H2. Equiva-
lently, one may regard this as an ordinary cohomology computation on the quotient stack
[P̃2/G]; see Remark 3.2. These descriptions will be used repeatedly in our computations of
equivariant Hom- and Ext-groups.

Let X be either P̃2 or C̃, and let G be the group introduced in Section 3.2. A G-
equivariant vector bundle on X is a vector bundle π : V → X together with an action of
G on the total space of V such that π is G-equivariant and the induced map

Vx → Vgx, v 7→ gv,

is linear for every g ∈ G and x ∈ X.

A.1 Line bundles on P̃2

We begin by recalling the construction of line bundles on P̃2. These are indexed by Z and
denoted OP̃2(k). Identifying P̃2 with the quotient (C3 \ {0})/C×, the line bundle OP̃2(k) is
the quotient

(C3 \ {0} × C)/C×

with respect to the action

λ · (x̃0, x̃1, x̃2, t) = (λx̃0, λx̃1, λx̃2, λ
kt).

A global section of OP̃2(k) is represented by a homogeneous polynomial of degree k.
Indeed, a monomial

[x̃0 : x̃1 : x̃2] 7→ [x̃0 : x̃1 : x̃2, x̃
m0
0 x̃m1

1 x̃m2
2 ]

is a well defined precisely when

m0 +m1 +m2 = k.

Thus
H0(P̃2,OP̃2(k)) ∼= C[x0, x1, x2]k. (32)

A.2 Cohomology of line bundles on P̃2

Higher cohomology may be computed from the Čech complex with respect to the standard
affine cover

Ũ = (Ũi)i=0,1,2, Ũi =
{
[x̃0 : x̃1 : x̃2] ∈ P̃2 : x̃i ̸= 0

}
.

For I ⊂ {0, 1, 2}, write
ŨI :=

⋂
i∈I

Ũi.
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By the same argument as above,

Γ(ŨI ,OP̃2(k)) = C[x0, x1, x2, x−1
i (i ∈ I)]k,

that is, the homogeneous degree-k Laurent polynomials in which xj appears with nonneg-
ative exponent for j /∈ I.

The Čech complex for OP̃2(k) is

0→ Č0(Ũ ,OP̃2(k))
ď−−→ Č1(Ũ ,OP̃2(k))

ď−−→ Č2(Ũ ,OP̃2(k))→ 0,

where

Č0(Ũ ,OP̃2(k)) = Γ(Ũ0,OP̃2(k))⊕ Γ(Ũ1,OP̃2(k))⊕ Γ(Ũ2,OP̃2(k)),

Č1(Ũ ,OP̃2(k)) = Γ(Ũ01,OP̃2(k))⊕ Γ(Ũ02,OP̃2(k))⊕ Γ(Ũ12,OP̃2(k)),

Č2(Ũ ,OP̃2(k)) = Γ(Ũ012,OP̃2(k)),

and the differentials are

ď(α0, α1, α2) = (α1 − α0, α2 − α0, α2 − α1), ď(α01, α02, α12) = α12 − α02 + α01.

Taking cohomology gives

H1(P̃2,OP̃2(k)) = 0,

H2(P̃2,OP̃2(k)) =
C[x±1

0 , x±1
1 , x±1

2 ]k

Γ(Ũ01,OP̃2(k)) + Γ(Ũ02,OP̃2(k)) + Γ(Ũ12,OP̃2(k))

∼=
1

x0x1x2
C[x−1

0 , x−1
1 , x−1

2 ]−k−3. (33)

A.3 G-equivariant line bundles on P̃2

For a0, a1, a2 ∈ Z, let
k := a0 + a1 + a2.

Definition A.1. The G-equivariant line bundle

OG
P̃2(a0D0 + a1D1 + a2D2)

is the line bundle OP̃2(k) together with the G-linearization induced from the action

(ζ0, ζ1, ζ2) · [x̃0 : x̃1 : x̃2 : t] = [ζ0x̃0 : ζ1x̃1 : ζ2x̃2 : ζ
a0
0 ζa11 ζa22 t].
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The diagonal subgroup ∆ acts trivially, since for ζ ∈ µd,

(ζ, ζ, ζ) · [x̃0 : x̃1 : x̃2 : t] = [ζx̃0 : ζx̃1 : ζx̃2 : ζ
kt] = [x̃0 : x̃1 : x̃2 : t].

Hence the action descends to G = µ×3
d /∆.

A section

s([x̃0 : x̃1 : x̃2]) = [x̃0 : x̃1 : x̃2 : x̃
m0
0 x̃m1

1 x̃m2
2 ], m0 +m1 +m2 = k,

is G-invariant if and only if for every [ζ0, ζ1, ζ2] ∈ G,

[ζ0x̃0 : ζ1x̃1 : ζ2x̃2 : ζ
a0
0 ζa11 ζa22 x̃m0

0 x̃m1
1 x̃m2

2 ]

agrees with
[ζ0x̃0 : ζ1x̃1 : ζ2x̃2 : ζ

m0
0 ζm1

1 ζm2
2 x̃m0

0 x̃m1
1 x̃m2

2 ],

that is, if and only if
(m0,m1,m2) ∈ (a0, a1, a2) + dZ3.

Therefore

H0
(
P̃2,OG

P̃2(a0D0 + a1D1 + a2D2)
)G

=
⊕

m0,m1,m2≥0
m0+m1+m2=k

(m0,m1,m2)∈(a0,a1,a2)+dZ3

C{x̃m0
0 x̃m1

1 x̃m2
2 }.

In particular,

H0(P̃2,OG
P̃2)

G = C{1},

H0(P̃2,OG
P̃2(Di))

G = C{x̃i}, i = 0, 1, 2. (34)

A.4 G-equivariant cohomology

Since the standard affine cover Ũ is G-invariant, the groups Č•(Ũ ,F) inherit a G-action for
every G-equivariant coherent sheaf F , and the Čech differential is G-equivariant. Because
G is finite and we work over C, taking G-invariants is exact. Hence

H•(P̃2,F)G ∼= H•(Č•(Ũ ,F)G
)
.

Applying this to (33), we obtain

H2
(
P̃2,OG

P̃2(−D)
)G

=
1

x̃0x̃1x̃2
C{1},

H2
(
P̃2,OG

P̃2(−Di −D)
)G

=
1

x̃0x̃1x̃2
C{x̃−1

i }, i = 0, 1, 2. (35)
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Appendix B Hypercohomology

In the main text, we will compute various Ext spaces via hypercohomology of Čech-Hom
double complexes. In this appendix, we review the necessary background following [BT82,
Chapter II]. This is a particularly simple example of a spectral sequence.

Let K•,• be a double complex. Thus each row is a complex with differential δ, each
column is a complex with differential d, and the two differentials commute:

dδ = δd.

The associated total complex Tot(K) is the single complex with entries

Tot(K)n =
⊕

p+q=n

Kp,q, D = D′ +D′′

where D′ := δ and D′′ := (−1)pd. By definition, the hypercohomology

H•(K•,•) := H•(Tot(K))

is the cohomology of the total complex.
The following is a simpler version of [BT82, Proposition 12.1].

Proposition B.1. Given a double complex K•,•, if

Hδ(K
•,•)

has nonzero entries only in the p-column, then

Hp,q
d (Hδ(K

•,•)) ∼= Hp+q(K•,•),

where Hδ (resp. Hd) denotes cohomology with respect to δ (resp. d).

Here Hδ(K
•,•) denotes the table of cohomologies of the rows, each column of which

is a d-complex, and Hp,q
d (Hδ(K

•,•)) is the table obtained by taking cohomologies of each
of the columns of Hδ(K

•,•). We now describe this isomorphism explicitly since it will be
important in our calculations.

For ϕ ∈ Kp,q with δϕ = 0, we write

[ϕ]δ ∈ Hp,q
δ (K•,•)

for its class in the δ-cohomology of the q-th row. If [ϕ]δ is d-closed, we write

[ϕ]d,δ ∈ Hp,q
d

(
Hδ(K

•,•)
)

for its class in the iterated cohomology, and similarly, if it is D-closed, we write [ϕ]D for
its hypercohomology class.
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We first describe the map h : Hp,q
d (Hδ(K

•,•))→ Hp+q(K•,•). Suppose [ϕ]d,δ ∈ Hp,q
d Hδ(K

•,•).
Then [ϕ]d,δ is represented by an element

[ϕ]δ ∈ Hp,q
δ (K•,•), d([ϕ]δ) = 0 ∈ Hp,q+1

δ (K•,•),

which is in turn represented by an element ϕ ∈ Kp,q such that

δϕ = 0, D′′(ϕ) = −D′(ϕ1) (ϕ1 ∈ Kp−1,q+1).

We represent this by the diagram

ϕ1 D′(ϕ1) +D′′(ϕ) = 0

ϕ 0

D′

D′′

D′

.

However ϕ+ ϕ1 is not a D-cocycle since D′′(ϕ) may be nonzero.
Since Hp−1,q+2

δ (K•,•) = 0, there is an element ϕ2 ∈ Kp−2,q+1 such that

ϕ2 D′(ϕ2) +D′′(ϕ1) = 0

ϕ1 D′(ϕ1) +D′′(ϕ) = 0

ϕ 0

D′

D′

D′′

D′′

D′

,

Continuing in this way, we obtain a D-cocycle ϕ + ϕ1 + · · · + ϕn. The map h sends [ϕ]d,δ
to [ϕ+ ϕ1 + · · ·+ ϕn]D ∈ Hp+q(K•,•).

The inverse map
h−1 : Hp+q(K•,•)→ Hp,q

d

(
Hδ(K

•,•)
)

is defined as follows. Let ω be a D-cocycle. By modifying ω within its D-cohomology
class, we may arrange that all of its components to the right of the nonzero column vanish.
Suppose that ω = a+ b+ c+ · · · , as in the diagram

c

b1 b

a1 a

D′

D′′

D′′

D′

,

where c lies in the nonzero column.

59



Since the columns to the right of the nonzero column are trivial in iterated cohomology,
we may first choose a1 such that

a = D′(a1).

Subtracting the total coboundary D(a1) from ω removes the component a:

ω −D(a1) = b−D′′(a1) + c+ · · · .

Next, since b−D′′(a1) is D
′-closed, we may choose b1 such that

D′(b1) = b−D′′(a1).

Subtracting D(b1) then removes this term as well, giving

ω −D(a1)−D(b1) = c+ · · · ,

which now begins in the nonzero column. We then define

h−1([ω]D) := [c]d,δ.

In general, one proceeds in the same way: by successively subtracting suitable D-
coboundaries, one may replace ω by a cohomologous cocycle whose first nonzero component
lies in the nonzero column, and then take the resulting class in Hp+q

d (Hδ(K
•,•)).

Appendix C Proof of Proposition 8.4

We can find c by looking at a single element. Let us take δb ∈ CB ⊕ CW. By Lemma 7.4,
it is represented by the Čech cocycle

ξ =
1

x̃0x̃1x̃2
∈ Č2(Hom(Eb, Eb(−D̃)))G ⊂ Č2(Hom(E , E(−D̃))⊕Hom(F ,F(−D̃)))G

which by the explicit isomorphism in Proposition B.1 may be represented by a D-2-cocycle
of the form

0

ξ′ ďξ′ + dξ = 0

ξ 0

−d

ď

d

ď

,
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where ξ′ = (ξ′01, ξ
′
02, ξ

′
12) ∈ Č1(Hom(E ,F(−D̃)))G may be chosen to only be nonzero for

bw ∈ E where it is given by

b

w0 w1

w2

(− c
x̃0x̃1

, 0, 0)

(0, b
x̃0x̃2

, 0)(0, 0,− a
x̃1x̃2

)

where a, b, c denote the weights of the three edges incident to b.
The map θ̃ on Ext is induced by the map

K(−D̃)•
θ̃−→ K•

D̃

multiplying termwise by θ̃. Thus the image D-2-cocycle for Č p
(
Homq(K•,K•

D̃
)
)G

is rep-
resented by the D-2-cocycle of the form

0

0 0

ζ ′ ďζ ′ + dζ = 0

ζ 0

ď

d

−d

ď

d

ď

,

where
ζ = 1 ∈ Č2(Hom(Eb, Eb))G ⊂ Č2(Hom(E , E)⊕Hom(F ,F))G

and ζ ′ = (ζ ′01, ζ
′
02, ζ

′
12) ∈ Č1(Hom(E ,F))G is given by

b

w0 w1

w2

(−cx̃2, 0, 0)

(0, bx̃1, 0)(0, 0,−ax̃0)

.
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Finally, we want to find its class in Hom(E , L̃|
D̃
)G under the identification in Lemma 7.10.

To do this, we must rewrite the class in the representative used by Proposition B.1, namely
a D-cocycle supported entirely in the Čech degree 0 column. Thus we modify the above
D-cocycle by a D-coboundary until only that column remains, i.e. we are looking for ω, ω′

such that in
dω′

ω′ ďω′ − dω + ζ ′ = 0

ω ďω + ζ = 0

ď

d

ď

−d

,

only dω′ ̸= 0. Recall that ď(α01, α02, α12) = α12 − α02 + α01. Thus, we may take

ω = (−1, 0, 0) ∈ Č1(Hom(Eb, Eb))G ⊂ Č1(Hom(E , E)⊕Hom(F ,F))G

so that ďω + ζ = 0. Then the component of −dω in Č1(Hom(E ,F))G is

b

w0 w1

w2

(cx̃2, 0, 0)

(bx̃1, 0, 0)(ax̃0, 0, 0)

while the component in Č1(F , L̃|
D̃
) is 0. Finally, we need to choose

ω′ = (λ, µ) ∈ Č0(Hom(E ,F)⊕Hom(F , L̃|
D̃
))G

so that ďω′ − dω + ζ ′ = 0, i.e. so that dω′ is

b

w0 w1

w2

(0, 0, 0)

bx̃1(−1,−1, 0)ax̃0(−1, 0, 1)
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Recall that ď(α0, α1, α2) = (α1 − α0, α2 − α0, α2 − α1). Thus, we may take λ equal to

b

w0 w1

w2

(0, 0, 0)

bx̃1(1, 0, 0)−ax̃0(0, 1, 0)

and µ = 0. Then
dω′ = r ◦ λ ∈ Č0(Hom(E , L̃|

D̃
))G

is only nonzero over α̃ for the zig-zag path α ∈ α2 containing w0, b,w1; in that case, it is
equal to

r ◦ (−ax̃0, bx̃1, 0).

Since L̃|
D̃
∼= coker(K̃|

D̃
), two local lifts define the same section of L̃|

D̃
if their difference

lies in im(K̃|
D̃
). In our conventions, the column of K̃ corresponding to b is

(ax̃0, bx̃1, cx̃2).

Since x̃2 = 0 on α̃, the local representatives −ax̃0 and bx̃1 differ by this column, and hence
determine the same class in L̃|

D̃
. Thus dω′ is a global section.

Under the identification in Lemma 7.11, this global section has only one nonzero com-
ponent, namely the component indexed by the zig-zag path α, and that component is the
functional

δb ∈ Hom(CB∩α,C),

i.e. it takes the value 1 on b and 0 on all other black vertices of α. Indeed, exactly as in
the proof of Lemma 7.12, after the chosen gauge normalization the quotient map⊕

w∈W∩α
Fw

∣∣
α̃
→ L̃

∣∣∣
α̃

∼= coker(∂α) ∼= C

is represented by the row vector (1, . . . , 1), and the class of

r ◦ (−ax̃0, bx̃1, 0)

maps to 1. Since the section is supported on the summand Eb, the resulting functional is
precisely δb. Therefore

ϕ
(
[dω′]

)
= 1.
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On the other hand,

(θ̃ ◦ tr)(δb) =
∑
w∈W

0−
∑
b′∈B

δb(b
′) = −1.

Hence commutativity of the diagram forces

c = −1.
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